Addunnbie u1 eBKJINIOBDI
IIPOCTPAaHCTBA

H.N. TybpoBun



VIK 517.53

Penensenrnor:

H.d.m.1., npodeccop Kadeipbl aaredbpbt
BiasmmMupcekoro rocy/1apcTBEHHOTO Tearorudeckoro YHUBepcuTeTa
B. I. ZKypaBnes

H.d.M.H., npodeccop Kadeapbl BHICIIEH MaTeMaTHKN
BiraauMupcKoro rocy1apcTBEHHOTO YHHBEPCUTETA,

C.I'. Taukees

[leuaTaeTcd 1o pelleHUIO peIaKIIMOHHO-U31aTeTbCKOI0 COBETA
BiiajimMupcekoro rocy/1apcTBeHHOTO yHUBEPCUTETA,

dyo6posun H.U.

Addunnbe 1 eBKIHIOBLI TPOCTPAHCTBA: Y4el. mocodbue / Biaaum. roc. yH-T;
Buragumup, 2005. ... C.

ISBN

[Tocobue mpeHA3HAYEHO JIJIST CTY/IEHTOB MAaTeMaTHIECKAX CIEUATHHOCTEH /IS O3HA-
KOMJIEHHS ¢ OCHOBaMH adGUHHOI U eBKJINI0BOI T€OMETPUN B MHOTOMEPHBIX MPOCTPAH-
crBax. [locobue pakTHIECKH ABIIETCS OHOI U3 IIaB rOI0BOTO Kypca " Aredbpa u reomer-
pust''u comepKUT TOJBKO OCHOBHBIE, (DYHIAMEHTATbHbBIE OIIPeIe/IeHAsT i TeOPEMBI BILTOTH
no tembl "Kpagpukn". Paccanran manubiii Kype seknuii Ha 16 ayauropHbix daca (8
nekuuii). [Ipeamonaraercst, 9o yuraresnb (caymniaTesab) 3HAKOM € CTAHIAPTHBIM KYPCOM
JIMHEeHOI aJreOpbl, BKJIIOYAIONIEH IOMIMO TEOPHUHU OIpeae/nTe/ el U CUCTeM JHHeiHbIX
ypaBHEHHIT 1 MHOTOMEpHBIe JIMHEeHHbIe ITPOCTPAHCTBA, a TAKrKe OMepPATOPhl TAKHX IIPO-
CTPaHCTB.

Bubsinorp.:5 nass.

. YK 517.53

ISBN (©Bragumupckuii rocyapcTBEHHbI YHUBEPCHTET



BBenenne

B sToMm mocobun cTposaTcsa Havasa reoMeTpur EBKINIa B MHOTOMEPHBIX ITPO-
crpaHcTBax. [Ipu 3ToM HaM HET HYKJIbl BBOJAUTH MHOIOUYUCJICHHBIE aKCHOMbI
EBKn1a, KOJb CKOPO y HAC yXKe €CTh TaKOWi MOIIHBIA WHCTPYMEHT KaK JIH-
HEefHbIe TPOCTPAHCTBa. AKCHOMBI EBKIIMIa IPEBPAIAlOTCs B JIEI'KO IPOBEPSI-
eMble yTBepKeHusi. VI3ioxenue pasjiesieHo Ha aBe dacTu. [lepBas gacTb mo-
cBsleHa adp@UHHBIM IIPOCTPAHCTBaM, B KOTOPOW M3Jiaraercs MarepuaJs 0e3
UCIIOJIL30BAHUST METPUKK. BO-BTOPOI YACTU IPEIIOIaraeTcsl HaJuIne MeT-
PUKU U U3JI0XKEHUE JOBOJUTCS JIO KJIACCHICCKUX TEOPEM O TPEYTroJbHUKAX.

1 Addunabie npocTpaHCTBA

1.1 Omnpenenenune u npumepsl adOUHABIX TPOCTPAHCTB

Omnpenenenue 1. [lycrs 3aaHbl HEIyCTOE MHOYKECTBO TOUYeK A u jimHeiiHoe
npocrpancTso L waji rnojiem K. HpeﬂHOﬂO)KI/IM,_‘{)TO JUIs JIFOOBIM JIBYM TOY-
kam P, Q) € A conocrasiien snement (Bekrop) PQ) € L, npuiem juist Jobbix
Tpéx Touek P, () u R Boinosnsercs pasencmeo Illans:

PO+ QR = PR.

(em. puc. [I). Kpome Toro, mpemnonoxum, ato s Jioboi toukn P € A u

—
97eMeHTa a € L Hajifercsa equmHCTBeHHas ToUKa () Takas, aro P(Q) = a.

B srom ciyuae A waswiBaercs agdunnvm npocmparncmeom, a L — acco-
UUUPOBAHHDIM C HUM NUHETIHOIM NPOCTPAHCIMEOM.

Puc. 1: Pasenctso Hlang.

[Tonyuum nepBudHbIe cBOMCTBA adDUHHBIX IPOCTPAHCTB.



e
A. Jlasa 20000 mouku P eexmop PP — nyaesoti.

HeiictBurenbuo, PP + PP = PP cornacuo papenctsy IlaJjis, orcioja u
CJIeJIyeT Pe3yJIbTar.

— —
B. Umeem mecmo pasencmeo PQ = —QP das aobwvix deyx movex P u

Q.

D10 cooTHoIeHne cieayer u3 pasencrsa PQ + QP = PP = 0, BepHoro
B cuity paBencrBa Ilasst u cBoiicrBa A. Ciiejryroriee CBORCTBO T10JIy9aeTCst
(n-2)-kpaTHbIM MpuMeHeHueM pasenctBa [1lass.

B. /laa aobvx movex Py, Ps, ..., P, umeem mecmo pagencmeo

PP+ PP+ ...P, P, = P,P,.

IIpumepbl adpPUHHBIX IPOCTPAHCTB.

1. EBK/In10Ba I1JI0CKOCTD MJIM €BKJIMIOBO TPEXMEPHOE IIPOCTPAHCTBO € ac-
COIMMAPOBAHHBIM ITPOCTPAHCTBOM T'€OMETPUYECKUX BEKTOPOB.

n
2. Toueunoe npocrpancTso Ky, ¢TPOK JUIHBL 1. ACCONMMPOBAHHBIM JH-
HEMHBIM TIPOCTPAHCTBOM OyJieT npoctpaHcTBo cTpok K™ jummnbl n. JIBym
"roukam" P = (x1,2T9,...,%,) 1 Q = (Y1,Y2, ..., Yp) COMOCTABNsIETCS "BEK-

—
top" PQ = (y1 — T1,Y2 — Tay . . ., Y — Tpp). OBOOIIMM STOT TIPUMED.

3. I[lycrs L — nuneitnoe npoctpancTBO. B KayecTBe MHOYXKECTBa, TOYEK BO3b-
MeM CaMoO JIMHEHHOE MPOCTPAHCTBO: i):: L. TlpeBpatum 3T0 MHOXECTBO B
adpdunnoe mpocrpancTso, nonaarag PQ = () — P nasa miobbIX IBYX TOYEK
P, () € L. Bes tpyna npoBepsiorcs akcrnoMbl adpGUHHOIO IPOCTPAHCTBA.

1.2 CioxeHne TOYKN C BEKTOPOM

Ecmm P € A, aa € L, 1o 10JL CyMMOii P + a nonumaercst Ta eIuHCTBEH-
Hast Touka @, s koropoit P(Q) = a. I3 akcuom addunroro npocrpancTsa
caenyer, uro ecqim P +a = P+ a’, o a = a’. OTmernM acconuaTuBHOCTD
orepalyu CJOXKEHUsI TOUKU U BEKTOPa, BLITEKAIOILYI0 13 pasencTsa Ilajs:

P+(a+b)=(P+a)+b



— —

HeiicrBurensuo, nycrs PQ) = au QR = b. Torna (P+a)+b = R no

OIPEJEICHUIO CJIOXKEHUS TOUKK M BEKTOPa, IIPUMEHEHHOMY JBaxKpl. Ho a +
—— — —

b = PQ + QR = PR cornacuo nupasuiay [ansa. Torna P + (a + b) =
—

P+ PR =R.

Kpowme toro, ormerum paserctso P + 0 = P BepHoe Jij1s1 J11000# TOYKH.
JlokakeM Tak»Ke COOTHOIICHUE

—
P+a=Q+bs PQ=a—b.

Heiicrurensuo, @ +b = (P + PQ)+b = P+ (PQ + b) B cuiy accoun-
—
atusHocTH. Papercreo P + (PQ) 4+ b) = P + a 3KBUBAJEHTHO BEKTOPHOMY
— —
pasencrBy P() + a = b, Koropoe 3kBuBajeHTHO paBeHCTBY P(Q) = a — b,

1.3 Ad dunHbIE TOAOPOCTPAHCTBA.

B addbunnom npocrpaHcTBE MOXKHO OIPEICIUTH HMPsSIMbIe, ILJIOCKOCTH 1, 00-
Jiee 001110, k-mepHble ad@UHHBIE TOIIPOCTPAHCTBA.

Ompenenenne 2. [lonmuoxkecrso B addunnoro npocrpancrsa A HasbiBa-
ercst (agdunnoim) nodnpocmpancmeom, €Ciii COBOKYITHOCTb BCEX BEKTOPOB
P—Q>, rie Toukn P u () nmpoberaror B, obpas3yroT JuHeHHOe MOAIPOCTPAHCTBO
H. B stom ciiydae ToBopsiT, 910 B KoAAMUHEAPHO AUHETHOMY NOONPOCTPaAH-
cmey H. Eciu dim H = k|, 10 u pasmeprocmnv addurrozo nodnpocmpan-
cmea B canraem pasHoii k. 3amuceiBaeMm 510 Tak: dim B = k.

[Iycts H — (mueiinoe) moampoctpanctso B L n R € A. Torga obo3natnm

R+H={R+alacH}.

Tak kaxk R+ a, R+ b = b — a, uro cieayer u3 3aKoHa acCOUATHBHOCTH
CJIOYKEHUSI TOYKHU U BEKTOPa, TO MHOXKecTBO R+ H Oyjier adpdurHbIM 110/111PO-
CTPAHCTBOM, MPOXOJsAIIEeM udepe3 Touky R u xosjnuneapuoiM H. Haobopor,
ectn R — mpousBosbHas TouKa adGUHHOIO MIOAIPOCTpaHCTBa B, KoTopoe
KOJIIMHEAPHO JInHeiHoMYy noanpoctpanctBy H, to B= R+ H.

IIpennoxxenue 3. Jlaa aunetinor nodnpocmpancme H, H u deyx mouex

P, P" pasencmeo P+ H = P' + H' umeem mecmo mozda u moavko mozda,
—

xoz2da nodnpocmparncmea H uw H' cosnadarom, w PP € H.



Jloxasamenvcmeo. Ilycrs umeer mecro pasencrso P+ H = P+ H'. Torna
P=P+0=P +a s HEKOTOPOro a € H'. Ananoruuno, P = P+ b
Juist Hekoroporo b € H. Urak: PP' = b = —a € H N H'. Ecin snement
h € H_—_> npoussosien, To P+ h = P’ + h' ana nekoroporo h' € H', orkyna
h = PP +h € H' (cm. §1.2). Jokasano sriovenne H C H'. O6parnoe
BKJIIOUEHNE JIOKA3bIBAETCs aHAJOrMYHO, 1 pasencTtso H = H' cnenyer.

O6parno, ecim H = H' n PP € H, 1o

—

—
P+h=(P +PP)+h=P +(PP+h)e P +H

Hokazano skrouenue P+H C P+ H'. ObparHoe BKJIIOYEHNE JJOKA3bIBACTCsl
AHaJIOI'MYHO. ]

Acuo, aro ecoiu H = L, o B = A. Jlpyroit kpaiinuit ciaydaii, Korjia
H = 0. Torga B = {P} — touka, addunnoe HoAmpoCcTpaicTBO HAUMEHb-
11eii BO3MOXKHOI HyJIeBOil pazmepHocTu. Eciu xe kopaszMmepHocth H paBHA
1, re. L = H + aK st kakoro-ninbo sekropa a ¢ H, to B nasbiBaercs
2UNEPNAOCKOCTNDIO.

2 Cucrema KoOpamHAT
Cunraem L KOHEYHOMEDPHBIM MPOCTPAHCTBOM PAa3MEPHOCTH M.

B adpdunnom npocrpancrse A MOXKHO OIPEIETUTL CUCTEMY KOODIUHAT.
[Tycrs BoiOpana Touka O € A — navano xoopdunam u 6azuc F = (f, f5, ... £,)
ACCOIMUPOBAHHOIO JinHeliHoro npocrpancrsa L. Haszosem napy (O, F) cu-
cmemoti xKoopdunam agdunnozo npocmpancmea A. st Ka2KJI0# TOUKH P e
A onpenenum eé koopdunamo, Kak KoopauHaTol BekTopa O P OTHOCHTEJIHHO
6asuca F. Tem cambiv P umeer koopjuuarhl (T1,To,. .., T,), eciu OP =

> i iy,

[Tycrs O, (f],£5, ..., ) — apyroii addunnbiii 6asuc. Kak csizamb Koop-
JHATBl TOuKK P B HOBOM 1 cTapoM 6asucax? ObosnauuM depes (1, To, . . ., Tp)

— crapble KoopjuHaThl, a (7, xh, ..., x

') — HOBbIE KOODJMHATHI TOYKU P.

Yepes C' 0b603HAYNM MATPHUILY MEPEXoja OT CTApOTo Da3mca K HOBOMY, U
nycrb (ay,as, ..., a,) — crapble KOOPJMHATHI HOBOIO HavaJsa KoopjauHat. To-



—_— — — - — —
ria OP = 00"+ O'P uwmu OP — OO’ = O'P, orkyna

T — aq T
/
T2 — A9 _C Ty
/
CuretoBaTesIbHO,
) T ay
/
) _ C .ZQ 4 a9
/
T x, ay,

IIpennoxkxenue 4. Ha apdunnom npocmparncmee durcupyem cucmemy xo-
opdunam O; (f1, £, ..., £,). Jhoboe addunnoe nodnpocmparncmeo B zadaem-
CA COBMECTHOT CUCTNEMOT AUHETUHBLT YPaSHEeHUT:

.

a11T1 + a19x9 + ... + a1,y =b
a921X1 + a929x9 + ...+ A2n,Ty, = bg (1)
| Gm1Z1 + Qoo + ...+ T, = by

Pasmeprocmov nodnpocmparncmea B pasna n — v, 2de v — pame mampuib
cucmemwt (1). pu smom aunetinoe nodnpocmpancmeo H, xoanruneaproe B
sadaemca 00nopodnoti cucmemoti:

(
a1 xy + appxs + ... +aypx, =0
911 + A922T9 + ... + AopTy =0
(2)
L1 @1+ Q2T + - @y = 0

Jloxazamesvemeo. Ilycrs B — MHOXKeCTBO TOUEK, KOOPAMHATHI KOTOPHIX Y10~
piierBopsitor cucreme (1), a H — MHOXKECTBO BEKTOPOB, KOOPIMHATHI KOTOPhIX
YJIOBJIETBOPSIOT OjiHOposiHO# cucreme (2). B pasmese "Jluneiinbie npocrpan-
cra" ormeuasnoch, uto H — mommpocrpamcTBo mpocrpanctsa L. Tak xax
cucrema (1) coBmectna, To Haiinercsa rouka Py € B. U3 nuueitnoctu cucrem
(1) n (2) cnegyer, aro obiree pererne HEOJHOPOHOM CHCTEMBI €CTh YaCTHOE
pEIeHne ITOM CUCTEMBI ILJTIOC 0DIIee PereHre OJHOPOIHON cucteMbl. OTcioa,
cnenyer paencrso B = Py + H.



Obpatho, Jioboe adduHHOE MTOAIPOCTPAHCTBO MOXKET OBITh 3aIUCAHO B
susie Py+ H, tie Py(29, 29, ..., 20) — rouxa, a H — muneiinoe moanpocrpan-
cro B L. Ilycts by, ..., by — 6asuc B H. Obosnauum uepe3 B; — crojberr

Koopaunar sektopa by, a X = (x1,29,...,2,)". Torna

k
X =) B, (3)
j=1

— mapaMeTpuyecKoe 3aJlaHue JHUHEHoro mpocrpancrsa H ¢ mapaMerpaMn
(t1,ta, ..., tg). Hasee

xl :’Ul 1
i) 568

0 i
Ty, Ly,

— napamempuneckoe ypasHenue apdunrozo noonpocmparcmea Py + H.

Tak kak rang(By,. .., Br) = k, 1o Haiijilercss HeHyJI€BOI MUHOD MaTpPHUIIbI
(B1, ..., Br), umerommuii pasmep k X k. MOxKHO cuuTarh, 4T0 OH COOTBETCTBY-
eT TepBBIM k CTpOKaM 3Toil Marpunpl. Torma mapamerpsl tq,. .., tr MOXKHO
BBIPA3UTD Yepe3 T, ..., T, U3 HepBbixX k ypasHenuil cucrembr (4) u mojcra-
BUTH B OCTaBIIneCs ypasHenus. [lomyaum cucremy n3 n—k ypaBuennii, panra
n — k, sajgamonyo B. N

CaencrBue 1. Jhoboe agdunnoe nodnpocmparcmeo pazmeprocmu k
ecmv nepecevenue n — k 2unepn.aockocmedi.

Caencrue 2. [lepeceuenue apdunnvic nodnpocmparncme ecmsv cHOBa
agpdpurnoe nodnpocmpancmeo.

Cucrema (1), a smaunt u addunuoe nomnpocrpanctso B 3aaercs pac-
mmpennoit marpuneit (A, B), rne A = (a;j) — marpuna pasmepa m X n,
a B = (by,by,...,by,)" — cronben csoboambix unenos. Ilycts apyras cu-
crema ¢ pacmupennoit marpuneii (A’ B') 3amaer addunnoe moampocrpan-
creo B'. Ilpu kakux ycnosusax na A, A', B, B’ umeer mecro pasencrso? fc-
1o, uro eciau marpuily (A', B') moxuo noayuurs usz marpunst (A, B) age-
MEHTAPHBIMY PEOOPAZOBAHUIMU CTPOK (9TO PABHOCUJILHO TOMY, 4TO J1H00as]



CTPOKa HITUXOBOH MaTPUILbl IIPUHA/JICIKUT JIMHEHHOMY [POCTPAHCTBY, 110-
poxieaHoMy crpokamu Marpulibl (A, B)), ro B C B'. OkasbiBaercss BepHO
u obpaTHoe yTBepxKaenue: ecau B — nodnpocmpancmeo npocmpancmea B3,
mo mampuya (A’ B") noaywaemcea us mampuywve (A, B) saemenmaprvimu
npeobpazosanuamu cmpok. JHoxaxkem 3to. Obozumaunm r = dim B. Torma
n —r = rang A = rang(A, B) (yuecrs Teopemy Kponekepa-Kamnesm)). Co-
CTaBUM CHCTEMY, B KOTOPYIO BXOJAT BCEe ypaBHEHWd KaK HElIPUXOBOH Tak 1

A B
A B

B Buny Brmouenns B C B’ sra HoBast cucrema mMeeT TOXKe CaMoe MHOMKECTBO

IMITPUXOBOI cucTeMbl. e pacimmpenHas MaTpuIla BLITISIAT Tak:

pemenuii, uro u cucrema (1), TeM caMbiM U paHD ee Takoii ¥xKe:

A B
n —r =rang(A, B) = rang B
Ho panr maTpuipl 970 MAKCUMAaJIbHOE YMCI0 JIMHEHHO HE3aBUCHMBIX CTPOK.
CaepoBaresibo, crpoku Marpuilbl (A’ B') iuHeHO BbIpaXKaITCst 4epes crpo-
ku marpuisl (A, B). YrBepxjenue jgokaszano. Mensisi mecramu (A, B) u
(A’, B") B npuBejieHHOM BbIIIE PACCY K JIEHUHN, TOJIy4aeM KPUTepPHii:

IIpennoxkenue 5. [ycmo addunnve nodnpocmpancmea B u B sadarnvl
CUCTNEMAMU NUHETHBIT HEOOHOPOOHDLT YPAGHEHUT ¢ PACULUPEHHLMU MATN-
puvamu (A, B) u (A, B") coomeememeenno. Tozda nodnpocmparcmea B u
B' cosnadarom 6 mom u moavko mom cayuae, wozda mampuuyv, (A, B) u
(A’, B") axeusanenmmi,

Samgaun.

1. Haittu cucremy koopjimHaT B apUHHOM TIOJANPOCTPAHCTRE, 38 IaHHOM
CUCTEMOU JIMHENHBIX HEOHOPO/IHBIX ypaBHECHUN

r+y—22+u=2,
20 —y — 2+ 3u =9,
dr —3z2+4u =17,

dr +y —DHz+ 3u =9,

T+ 2y — 3z = —3,
a) 20 —y+22=-3, ; b)
dor 4+ 3y — 4z = -9

2. Hanmcars gpopMyJibl lepexo/ia OT CTaHlapTHO CHCTeMbl KOOPAMHAT 11J10C-
KOCTH K CHCTeMe KOOpAMHAT B KoTopoil och O'x' — npamas x +y = 1, a ochb
Oy’ — npamaga 2x —y + 13 = 0.



3. Apdunnoti oborourol nogmuoxKecTBa adpOUHHOIO HPOCTPAHCTBA Ha-
3pIBaeTcs HamMenblnee ah@UHHOE HOAINPOCTPAHCTBO, COAepKaliee JAHHOe
OoIMHOKecTBO. HaliTu cucremy JImHERHBIX HEOIHOPOTHBIX ypaBHEHU, 3a,/1a-
o11y10 apuHHYI0 000JI09KY MHOXKECTBA,

CL) P1:(27371)7P2:(47172)ap3:(07271)EKL?L)ffa
b) Pr=(-1,2,3,1); P =(2,1,-2,0); Ps=(1,3,1,1); P, = (3, -1, =5, —1);
c) P =(1,0,...,0);P=(0,1,0,...,0);...,P, = (0,0,...,1) € gff.

3 Addunable oTOOpaXKeHUST

Orobpaxenne p : A — A" adpdunnoro npocrpancrea A man L B adpdun-
noe npocrpancrso A’ nan L' nasosem addunmnvim npeobpasosaruem, ecin
orobpaxkenne Dy : L — L', conocrapasiomee npou3BoJbHOMY BeKTOpy P(Q)
BekTOp ©(P), p(Q) byner muneitnbim. Orobpaxkenne Do nasbiBaercst auned-
HOT wacmuio @ uin dupdepernvuanom. st Hero BbIIOJIHSIETCST PABEHCTBO

p(P+a) = o(P)+ Do(a)

st jiobbix P € A wu a € L. Orcioga cieayer, 91o s 3aganust adpOun-
HOT'O IIpeodpa30BaHms HAJI0 YKa3aTh JUHeiiHoe npeobpaszoBanne Dy n obpas
KaKO#-JIn0O TOUKH.

Addunnoe npeodbpazoBanne @ Oyger OueKIWeid TOTJa W TOJHKO TOIIA,
kKorna Dy — 6uekima. B atoM caydae obparaoe orobpaxkenne ¢ ! A — A
6yner Tak:ke addUHHBIM Ipeobpa3oBaHUeM C JHHEHHOH dacTbio Dy~ =
(D). Torna ¢ naswiBaerca (addunmvim) usomophusmonm.

Kowmuozunust adbdunnbix npeobpasopanuii (n3omopdusMoB) cHosa Oyjer
acdbburHbIM MpeobpazoBanureM (n3o0Mopduamom ). ToxkpecTBerHOE OTOOPAXKE-
rne Id : A — A smasiercst apromMmopdusmom (nsomopdusmom Ha cebst).

ITpumepmnr.

Oyukius R — R Oyner adpduHHbIM 11peobpa3oBaHUEeM, €CJIH U TOJHKO
ecsin oHa umeer Bui y = kx + b. VIsomopdusm (aromopdusm) mosydaercs
TOTJIa U TOJBKO TOTJa, Korga k # 0.

10



Bosiee 0bwio: orobpaxenune ¢ @ Kjp — K¢ ¢ Oyser apdunnbim, eciu u
TOJIKO, €CJI OHO MMeeT BU/I

N Zq aq
2 xo as

Y — A +

UYn Tn Qp

JUtst HeKoTopoit n X n-marpuiisl A. Ciyuait aBromMopdusMa moydaercs B
TOYHOCTH TOIJIa, Korja Marpuiia A HeBbIpoXKieHa.

Addunnoe npeobpasosanue obiero suja mwiockocru {(x,y)} B upsimyro
{z} moxer paccmarpuBarh Kak adduHHO JuHEHHAs DYHKIM JABYX Mepe-
MEHHBIX: 2 = ax + by + c¢. OHO He MOXKeT ObITh H30MOP(UIMOM.

Teopema 6. Jwboe apdunroe n-meproe npocmparcmeo u3omophro npo-
cmpanemey cmpor Ky,

zomopdusmM ycraHaB/InBaeTCsA IyTeM BbIOOpa KaKOH-JuOO CUCTEMBbI KO-
oppunar O; (f1,fs, ... f,) u nepesoja rouku P(xy,29,...,T,) B CTPOKY €&
n
KOOPIMHAT (L1, T2, ..., Tn) € K.

PaccMoTpuM HECKOJIBKO BaXKHBIX TUIOB adPUHHBIX Ipeodpa30BaHMii.

ITapanmenbHBIil IEPEHOC.

[Iycrs a € L — ¢pukcnposannbiii Bekrop. Torma npeobpasosanne T, : A — A
rakoe, 4ro To(P) = P+ a jyist j11060ii rouku P Oyjer adpuHHbIM aBTOMOD-
dbuzmom (1. e. usomopduzmom A Ha cebst), KOTOPBIN U HA3BIBACTCS NaAPAA-
AEALHBLM Tepenocom Ha sexmop a. llapaienbHblil mepeHoc Ha HEeHyJeBOi
BEKTOD HE MMEET HEMOJBHUKHBIX TOYEK.

B kooppmHaTax mapaJiesbHbli IepeHoC 3aaeTCI TaK:

0N x1 a1

Yo T a2
= +

Yn Tn Qp,

11



Puc. 2: IIpoexius u cummerpus.

I'omoTerngd.

Tomomemuedi ¢ koagpuvuenmom k € K\ {0} u yenmpom 6 mouxe O € A
HA3bIBACTCA asromopdusm h : A — A, KoTopblii mepeBoguT ToUKy P B TOUKy
O+ EkOP. OueBnano, uro O — HenoaBrKHast Touka. Keam k # 1, To O enun-
CTBEHHAs HENOABMKHAs TOYKa romorernn. COBOKYIHOCTH BCEX TOMOTETHUI ¢
(PUKCHPOBAHHBIM EHTPOM SIBJISIETCsI IPYIIONH, W30MOP(MHOA MYIbTUILINKA-
TuBHOI rpynne noas K. B 6asuce O; (fy, £y, ..., f,) romorerusi ¢ nenrpom B
rouke O 3ajaercst cKaJsipHoit Marpunei kFE.

IIpoekiiuga u cuMMeTpud BJ0JIb MOJIIPOCTPAHCTBA.

ITycrs mpocrpancTBo L pas3ioKuMo B IPAMYIO CyMMY HOAIPOCTpaHcTB H
uW:L=H®W,uB =0+ H - abdunnoe nojupocrpancrso B A.
Onpejenum npeobpasosanue pr : A — B, Koropoe Ha30BeM npoexuyuet 6_@)0#?)
nodnpocmpancmea W. Ilycrs P € A — npoussosbnas Touka. Torga OP =
a + b g e MHCTBEHHDBIX SJICMECHTOB & € H un b € W. Oupenenum ToUKy
Q) = pr(P) nocpespcreom pasencrsa OQ) = a (cm. puc. 2)

Oupepenum cummempuio s : A — A ommnocumenrvno nodnpocmpancmea
B sdoav aunetinozo nodnpocmpancmea W rak, aro s(P) — Touka, yaoBje-
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TBOpstionias pasencry O s(P) = a — b (cwm. puc. 2). Cummerpust Oyjer as-
ToMOpPU3MOM adDUHHOIO MPOCTPAHCTBA, OCTABJISIONIUM OJIIIPOCTPAHCTBO
B HenoaBnKHbIM.

SaMerum, 9TO IPOEKIMsl U CUMMETpPHUsi He 3aBucsAT 0T Bbibopa Touku O.
OTMeTuM Tak»Ke paBeHCTBA

pr? = pr; s?=1d

(MIEMITOTEHTHOCTD ¥ HHBOJIIOTUBHOCTD ), KOTOPBIM YJIOBJIETBOPSIET JIF0OAsT PO~

eKIust 1 cuMMeTpus. Boibepem cucremy Koopunar tak, uro H = (fy, ... fx),
W = (fi11,...,1,). Torga npoekiusi u cuMMeTpusi 33JIAF0TCA B KOOPIMHATAX
TaK:

(U Y (Y

Yk Tr | . Yk Tk
Yk+1 01’ Yk+1 —Tk+1

\oi) N0/ \w ) \a)

B zaxrouenun storo naparpada chopMmyaupyeM OCHOBHYIO TEOpPeMY

addbuHHOIT TeoMeTpUM IPUMEHUTEBHO K II0JII0 JIEHCTBUTEIbHBIX YUCE].

Teopema 7. (cm. [1], §2.6.3) ITyemov ¢ : R" — R" — nenpepusnasn buexyus
agppurnozo npocmparcmea cmpor daurv N > 2, NEPesodAULas NPAMYN 6
npamyro. Tozda p — apdunroe omobpascenue.

Jlokazamenvcmeo. OrpaHUInMCcs caydaeM n = 2, pa30UB JI0KA3aTEIbCTBO
Ha, YeTbIpe ITYHKTA.

1. ycrs A = ¢(0,0), B = ¢(1,0), C = ¢(0,1). ITocrpoum addunnbiii
asromopduam ¢ nepesogamuit rouku A, B, C B (0,0),(1,0), (0,1) coorser-
creenno. Torma 1) o ¢ ocrasiser nenopsmxkabiMu Touku (0,0), (1,0), (0, 1).
ITpu 3TOM, KOMIIO3UIMA ) © (0 YJOBJIETBOPSAET YCJIOBUIO TEOPEMbI, KOJIb CKOPO
YJIOBJIETBOPAET 3TOMY YCJIOBUIO @ 1 1 10 oraeiabnocru. Toria jocrarouno
JI0Ka3aTh, 4To & = Y o ¢ — adduaHbIl aBTOMOPGhU3M, 100 0TOOpaXKEHHE
© =1~ o & Byner TakuM Ke.
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2. OrobpaxkeHue @, yJOBJIETBOPSIOINIEE YCJIOBUIO TEOPEMbI, TIEPEBOJIUT T1a-
paJiiesibHbIe TIpsAMble B HapaJlie/ibHble TpsAMble U TOUYKY IepecedeHus JIBYX
IPSMBIX B TOUKY IIepecedeHusi 00pa30B 9TUX IIPAMbBIX. B yacTHoCTH, eciiu JiBe
HepeceKalomecs: mpsMble MepexojisiT caMu B cebst 10J1 JeficTBUeM ¢, TO uX
TOYKa TlepecevyeHns HemOBUKHA.

3. B cuty mepBoro myHKTa JIOCTATOYHO CYUTATH, YTO (9 OCTABJISIET Ha Me-
cre rouku (0,0), (1,0), (0,1). Hayso sokazarh, 410 TOrga © — TOXK/JECTBEH-
Hoe orToOparkenue. Bo-11epBbIX JIOKaXKeM, 4TO BCE TOUYKU BUJIA (2%, 2%), rjie
m,n € Z,ap,q > 0 — HEIOJBUKHBI. DTO JOKA3BIBAETCS C IIOMOIIBIO CBOICTB,
OTMEYEHHbIX BO BTOPOM TyHKTe. Hanpuwmep, jgokaxem, uro ¢(1,1) = (1,1).
Nwmeem: npsivbie {(¢,1)}, {(1,¢)} napamnensusr npamsiv {(¢,0)}, {(0,%)},
KOTOpBIE TIepexoar camu B cebsi. Orciona ciesyer, uto u npsambie {(t,0)},
{(0,t)} nepexozsT camu B cebst KOJIb CKOPO KaxKjiast U3 HUX UMEeT HEloJ(BIK-
nyto rouky. Torma o(1,1) € {(¢,0)}N{(0,¢)} = {(1,1)}, re. (1,1) = (1, 1),
410 U TpedoBasioCh. JasibHER N 1POLece HOCTPOEHUs HEIO/BUKHBIX TOUYEK
COCTOWT U3 JIBYX STamoB: 1) Wepe3 Bce MOJyUeHHbBIE HEMOJBUKHBIC TOUKH
POBOJIMM TIPSIMbIE MAapPAJIIEbHbIE KO BCEM Y Ke MOCTPOCHHBIM MPsIMbIM, 2)
BCEBO3MOXKHDIE TI€PECEUEHUs TTOCTPOCHHBIX IPSMbIX €CTh HOBOE, YBEJIMIEHHOe

MHOXKECTBO HEMOJIBUKHBIX TOUeK (CM. puc. [3)

4. JlokazaHo, 4ro (2%, 2%) = (%, g‘—q) Ho mobas Touka (z,y) € R? ecto

npeJiesl TaKux JIPOOHO-ABOMIHBIX TOUEK. OCTAaeTCsT BOCIIOJIb30BATHLCSI HEIIPe-
PBIBHOCTBIO OTOOPAXKEHUS (0. [l

1,1)

(0,1/2)

(0,0) (1/2)0) (1,0) (3/2,0)

Puc. 3: TlocTrpoenue HEMmoABUKHBIX TOYEK.

Sameuanmue. Teopema [7/ ocTaercst cipaBeJIMBOM, €CJIM OIYCTUTH TPedO-
BaHWE HEIPEPbIBHOCTU OTOOPAXKEHUsST . DTO cJiejyer u3 Toro akra, 9To
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110J1€ JIEHCTBUTE/IbHBIX YMCEJ HE JIOIYCKAET HUKAKUX aBTOMOP(MU3MOB, KPO-
M€ TOXKJICCTBEHHOTO.

Sagaun.

1. Hokazath, uTo adduHHoe orobparkeHue nepeBojuT ad@UHHOE MOJITPO-
CTpaHCTBO B adPUHHOE 1OJIIPOCTPAHCTBO.

2. Onucarsb B KOOPJAMHATAX T, 1, 2 CAMMETPHIO U HPOEKIINIO Ha ILIOCKOCTD
T+ y+ 2z = 3 Buoab npsivMoit a) x = y = 2; 6) Ox. CnpoekTupoBarh
eaunnunpiit Ky6 [0, 1]2 Ha 9Ty mI0cKoeTh BIOIL HPIMOi T = Y = 2.

3. Haiitn addpunmnoe mpeobpazopanne f : Kg‘ff — K} mepesopsiiee
OJIHO MHOXKECTBO B JIPyTOe

a)n=m=1; f(2) = -4, f(3) =
byn=2,m=1;f(1,1)=0, (3, —1)—4 f(=2 )

c)n=m=2; f(A) = A"f(B) = B', f(C) =
e A(0,0); B(1,0); B(0,1); A'(1,3), B'(3,2), C’(3 5).

4. Onucarpb rpynny adgp@UHHBIX aBTOMOP(MU3MOB ILJIOCKOCTH, OCTABJIAIO-
nwx rpeyrosbank ¢ Bepumnamu A(0,0); B(1,0); B(0,1) na mecre.

5. Onucatsb rpynmny ah@UHHBIX aBTOMOP(MU3IMOB IPOCTPAHCTBA, OCTABJISI-
ormux Ky6 ¢ sepumnamu (o, 3,7) (o, 3,7 € {0,1}) na mecre.

6. Paccmorpum nosie Q(7), nopoxkjieHHOE BCeMU PaIMOHAJbHBIMU YUC/TIa-
MU U 9UCJIOM 7. DTO MOJIOJE T0JIst AeHCTBUTE/IbHBIX dnces. V3BecTHO, 910
GUCJIO T TpaHCIeHIeHTHOoe, To3ToMy Q(77) n30oMOpdHO MO0 paroHATHHBIX
dyHKIMI ¢ 07HOI TIepeMEHHOi ¢ panroHabHbIMU KO3 duinenramu. [Tycrs
v:Q(m) — Q(m) — He TOXKIECTBEHHBIN aBTOMOP(U3M, HAIIPUMED T1€PEBOIsi-
muii ™ B ™+ 1. Torma orobpaxkenue ¢(z,y) = (v(x),v(y)) byaer bueknueii
adpdunnoit miockocru Hay noseM Q(m), nepesojsineii JIOOYIO MPSIMYyIO B
npsiMyto, HO He OyjeT apPUHHBIM OTOOPaXKEHUEM.

7. JokazaThb, uT0 ad(GUHHBIM IPEodPA30BAHIEM JIFOOYIO OKPYKHOCTH MOK-
HO IEePEBECTH B eJIMHUYHYIO OKPY>KHOCTDb T2 + y° = 1.
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8. JlokazaTh, 4TO HEIYCThIe KPUBbIE BTOPOIO HOPsiiKa Ha 110ckocTn R? £rC
TOTHOCTHIO J10 abdUHHOTO ABTOMOPGMU3MA HCUEPITBIBAIOTCS CIIE Y FOTAMIE: 1)
e/MHUYHAsA OKpyKHOCTb T2 +y* = 1, 2) "ejunnunan" runepbosia x°—y? = 1,
3) napabona y = x°, 4) Touka 2%+y> = 0, 5) napa CKPEMMBAIOIIXCS MPAMBIX
22 —y? =0, 6) mapa mapaJiIeTbHBIX MPSIMbIX 2 =1, 7) nBoiiHast mpsMast
22 = 0.

9. JlokazaTh, 9TO NMapaJuleJIbHBINA ePeHOC U TOMOTETHsT 00JIaJal0T CBO¥-
CTBOM: 00pa3 1O/IIPOCTPAHCTBA KOJLIMHeapeH 11paodpasy. Jlokazars, 410 TOJIib-
KO 3Tu adpuHHbIE TpeodPa3oBanus u3 BcexX apPUHHBIX aBTOMOP(MU3IMOB 00-
JaJIAI0T TaAKUM CBOMCTBOM.

10. Iycrs p : A — A — aBromopdusM takoii, 4ro p? = p. Jlokasars, 410
P — IPOCKIHS.

11. Iycrs s : A — A — aBromopdusm Takoii, uro s? = Id. Jlokazarh,
4TO S — CUMMETPUSI.

4 Pacnomgoxenne adpGuHHEBIX TOAIIPOCTPAHCTB
B IIPOCTPAHCTBE

Omnpenenenne 8. Ilycrs By u By — aBa adDUHHBIX MOAITPOCTPAHCTBA, KOJI-
JUHeapHble JINHEeHHBIM moanpocTpanctsaMm Hy n Hy coorBercrBenno. Onn Ha-
3BIBAIOTCS NAPAAAEAOHOLMU, €CIE HE UMEIOT 001X Touek, u jaudo Hy C Ho,
mbo Hy C Hy. Ecim ke By N By = ) u Hy, Hy ne cpaBHUMBI B CMbICJIE
BKJIIOUEHUsI, TO 1OpocTpancrsa B, By HA3bIBAIOTC CKPEULUBAIOULUMUCA.

JBa adduHHBIX MOJAIPOCTPAHCTBA HA3BIBAIOTCS KOAAUHEAPHLMU, €CJIN
JInOO OJIHO COJIEPKUTCS B JIPyroMm, JinOO OHU TapaJuiesibibl. Bie pas: ce-
meiictBo addunubx nognpocrpaucts B; = P, + H; (i € 1) xoaauneaphot,
€CJTH JINHeWHbIe TIOIIPOCTpaHcTBa H; TUHEHHO yIIopsT0ueHbl 10 BKJIIOYEHHIO.
KosmmaeapHoCTh €CTh OTHOINEHUE SKBUBAJIEHTHOCTH B OTJMIUU OT OTHOTIIE-
HUS MapaJlJIeIbHOCTH.

Ha mpumepe dersipexmepHoro Kyb6a B R* (eMm. puc. 4) mosicHuM 5TH OTpe-
JIEJIEHUS.

[Ipsimbie {(£,0,0,0)} u {(¢,0,0,1)} napasiesnbb, a upsimbie {(t,0,0,0)}
u {(1,0,¢,0)} ckpemusaiorcs. Ilnockocru {(u,v,0,0)} u {(u,v,1,0)} na-
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(0,0,1,1) 0,1,1,1)

0,1,1) (LLAT)

0,0,1,0) 0110

(0,0,0,1) 0,1,0,1)

1,0,1,0
( ) (1,1,0,1)

(0,0,0,0)

(1,0,0,0) (1,1,0,0)

Puc. 4: Hersipexmepubiit KyoO.

paJlIeIbHLL, a 3aKparienibie miockoctu {(u, v,0,0)} u {(0,u, v, 1)} ckperu-
BalOTCsA (B TPEXMEPHOM TTPOCTPAHCTBE IJIOCKOCTH CKPEIUBATHCA HE MOTYT).
[Liockocrs {(u,v,0,0)} u rpexmepnoe npocrpancrso {(u,v,w, 1)} napad-
JICJTBHBL.

4.1 Ilpamas

B srom maparpade paccmarpupaioTca ad@UHHBIE CBOWCTBA NPAMOM. DTO
appUHHOE MMOIPOCTPAHCTBO PA3SMEPHOCTH 1, U T€M CaAMbIM OHO MMEET BHU/I
¢ = R+ vK, rje neny/esoit BEKTOp V Koasuneaper npamoti L.

IIycrs A — addunnoe npocrpancrso ¢ 6asucom O, fy, ..., f,. Boibepem
rouky P ¢ xoopaunaramu (2,23, ..., 2 u nenysesoit Bekrop v = > 1, vf;.

Torya Touka Q) ¢ KoopauHaramu (L1, T, ..., Ty) IPUHAIJIEKUT IPAMOi £ =
P + vK B TOM 1 TOJBLKO TOM Cllydae, KOrJa

v =a)+ot (1<i<n), tek (5)

DTO eCcTh napamempuyeckoe ypasHenue npamot 6 npocmpancmese. Mc-
KJII0Uas IapaMeTp ¢, Mbl MOJIyIaeM KaHOHUYECKoe ypashenue npamot L:

0 0 0
T -2y Te—xy Ty — I, (6)
o m =T
Ecsiu 3ayianb e necosnajaomue rouku Pay, as, ..., a,) 1 Q(by, b, ..., by)
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—
Ha, IPsiMOii £, TO B KavyecTBe BeKTOpa V MOXKHO B3saTh PQ). Torjna kanoHuve-
CKOe ypaBHEHHE IpsAMOii £ OyeT nuMeTh BH/I

Iy — axp L2 — G2 Lp — Qn

S (7

bl — a1 N bg — a9
Herpynno Busernb, 9T0

IIpennoxenue 9. Yepes dse pazaurnnvie mouku addurrozo npocmparcmea
npoxodum eouHcmeeHHas NPAMAA.

JloroBopumcst Jijisi CHCTEMbI 3JIEMEHTOB (a1, &g, . .., a)) JIMHEHHOIO 1PO-
crpancrBa L nucars rang {aj,...,ap} = m, eciu pasMepHOCTb MOJIIPO-
crpaHcTBa a1 K +. . .+a; K paBHa m. DTO B TOYHOCTH PAHT MATPHUIIBI, CTPOKK
KOTOPO# SABJIAIOTCSA KOOPJIMHATAMU Ay, . .., a; B HEKOTOPOM Dasuce.

Teopema 10 (pacmosokenne AByX MPSAMBIX). [Tycmov danol dee npamovie
{=P+vK ul' =P +Vv' K

o [Ipamwie £ u ¥ cosnadarom mozda u moavko mozda, xozda

—
rang {V, v/, PP’} = 1.

o [Ipamwvie £ u €' naparseavrve 6 mom u moabko mom cayuae, xo2da
—
rang {v,v'} = 1 < rang {V,V’, PP’}.

o [Ipamwie £ u U nepecexaromesn 6 00noti mouke mozda u moavko moaoa,
—
xoeda rang {v,v'} = rang {v7v’7 PP’} = 9.

o [Ipamvie £ u 0 ckpewusaromea mozda u moavko mozda, xozda
—

rang {V, v/, PP’} = 3.

Jlokasamenvcmeo. B mepBoM yTBepKIeHNE YacTh "M TOJLKO Torma' scma.
— —_—

Haobopor, ecin rang {V, v, PP'} =1, 10 PP' =tv' u v = sv qna neko-
—
Topeix S,t € K. Ecim Q € ¢ — npousBosibHasi To4uka, 10 PQ = xv s

—
nogxonsmero © € K, u P'Q = PP+ PQ = —tv' + xsv' = (xs — 1)V
Orcrona caenyer, uro (Q € (. JJokazano, 4To npsamasa £ — MOJMHOKECTBO

upstmoii £/, I3 sToro Boitekaer copnajenne npsambix £ n £
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Iycrs (29,29, ...,2%) u (2, 2%,...,2°) — xoopuunars rouek P u P,
a (v,v9,...,0,) u (V],V,...,v),) — KOODJUHATHI BEKTOPOB V U V' COOTBET-

creenno. IIpousBosbaas Touka npsaMoii £ uMeer KOOpuHaThl X; + v;t, a nps-
moit ¢ — xt + vis (t m s — napamerpnid (1 < i < n)) Ilepecewenue £ N ¢
HAXOJIUTCST KaK PEIIeHne CUCTeMbl &; + vt = X} + vis win v;t — v.s = =} — x;.
IIpumenasa K aToit cucreme Teopemy Kponekepa-Kamnemnmm u cuntas panrn
MATPHUIL O CTOJDIAM, a He 110 CTPOKAM KaK PaHee, MOJy9IUM, YTO

IIpamwie € u U we nepecexaromea poeHo 6 MoOM CAYHAE, K020a
—
rang {v, v’} < rang {V,v’, PP’}

JoKkaxkeM Tenepb BTOPOE yTBEpzKJIeHUe. ECIu BBIMOIHEHO HEPABEHCTBO
/ / /
rang {v,v'} =1 < rang {V,V , PP },

TO IPsIMbIE HE UMEIT ODIMX TOYeK, U, Kpome Toro, V || v/, orkya ciesy-
eT COBIIAJICHIE aCCOIMUPOBAHHBIX JIMHEHHBIX IIPOCTPaHCTB. [lapaienbocTn
NpsAMBIX JIoKazana. Haobopor, ecim npamble napasienabisl, 1o VK = V'K,
orkyjla ciejyer pasencrso rang {v,v'} = 1. Tlpumensisi ormevenHoe Bbiiie
YTBED2KJICHUE B 0OOPATHOM HAIIPABJICHUHU, [OJYyUaEeM UCKOMOE HEPABEHCTBO.

—
Hokazkem derseproe yreepxaenne. Eciau rang {V, v, PP } =3, 10

rang {v,v'} = 2. Cuegosaresbio, npsivbie £ u ' He nepecekaroTcs u 1mpo-
crpancrsa VK, V'K ¢ HUMEM aCcCOIMUPOBAHHBIE HE YIOPSALOYCHbI JIMHEHHO.
ITo onpesenenuo 3To 3Ha4nT, 4TO NpsaMble £ u £/ CKpeImuBaoTCsl.

Tperbe yTBepKJeHUE BBITEKAET U3 MPEJbIIYINNX, €CJIH yYeCTh, UTO BO
BCEX CJydasgx UMEIOT MECTO HEPABEHCTBA

—
1 <rang{v,v'} <rang {v,v', PP’} < 3.

[]

Ha coornomienue (0) MOKHO TOCMOTPETH KaK Ha COBMECTHYIO CHCTEMY JIVi-
HEHHBIX YpaBHEHUI ¢ MaTpuiieit, umeromnieit panr n — 1. B ¢Ba3u ¢ atuMm, 06-
wum ypasreruem npamots 6 agdurnrnom npocmparncmee A ¢ durcuposartvim
basucom O, F nazoem copmecrnyio cucremy Buja (1) ¢ marpuneir A = (a;))
paura n — 1. B yacrnocru, Ha adpPuUHHON 11JI0CKOCTU € KOOP/IMHATAMU T, Y —
obImee ypaBHEHHe IPsIMOil MMeeT BH]
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Az + By+C =0 (mbo A # 0, qubo B # 0) (8)

B addunHOM HIpOoCTpaHCTBE C KOOPJAUHATAMH T,Y,Zz OOIee ypaBHEHUE
[IPSAMO UMeeT BUJL

Aix+ Biy+Ciz+ Dy =0 A By ()
, TJe rang =2. (9)
AQSU + Bgy + CQZ + Dy =0 AQ By CQ

OTa cucreMa 3aB€IOMO COBMECTHaA.

Sagaun

1. Hanncarh KaHOHUYECKOE U apaMeTPUUECKoe yPaBHEHUs MPAMOIL, Tpo-
xopgmei yepes roukn (1,1,1,1,1) u (1,2,1,2,1) npocrpancrsa stf.

2. Ilycts g — ancio suementos nosst K (nanpumep, K = Z/qZ n q —
ipocroe 4ucio ). CKOJIbKO PA3MuHbIX MPSIMbIX KMEET IPOCTPAHCTBO K ?

3. Hapucoars miockocts Hajt mosieM u3 Tpex nementos (K = Z/37Z) kax
3 X 3-rabsiniy u3 gesitn Touek. OTMeTuTh Ha Heil Bee mpsiMbie. PaceMoTpers
T€ U3 HUX, KOTOPhIE HE MMapaJijie/ibHbl KOOPIMHATHBIM OCSIM; YBHUJIETH CBSI3b
C METOJIOM PacKpBITHUs onpejenuTensa 3 X 3. Pemurh Takyio ke 3aady JJisd

nosist Z/5Z (6osee obimo, ayst nonst K = Z/q7Z).

4. UccnieioBarsb B3aMMHOE PACIIOJIOKEHUE TTPSAMbIX

f.x—l_y—a_z' g,.x—l—a_y-l—l_z
a2 1 77 2 a1

B 3aBHCUMOCTH OT Hmapamerpa a. OrseT: npu a # —1, 2 CKpeIuBaioTcs, Ipu

a = —1 nepecekalorcst, Tpu @ = 2 MapaJaeIbHbI

5. Haitiru ypaBuenue 1npsiMmoil, CiMMETPpUIHON HpsiMOit & = 2y = 3z = 4u
OTHOCHTEIHLHO THIEPILIOCKOCTH T + Y + 2 + u = 0 Bjoab ocu Ox.
4.2 I'unepIryiIoOCKOCTH

Ob1iee ypaBHeHUe ruIepiIocKocTH B adGUHHOM HPOCTPAHCTBE € KOOPMHA-
ramu O, 1, ..., T, UMEET BUJI:
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A1$1—|—A2£E2—|— +An$n—|—B = O, (10)

rie Ay, Ao, ..., A, € K ognospemenno ne pasubt 0. B uacrnocru, ypasnenue
IIJIOCKOCTH B TPEXMEPHOM IIPOCTPAHCTBE ¢ KOOPAUHATAME T, 1/, 2 UMEeT BHU/I:

Ar+ By+Cz+ D =0, rie (A, B,C) # (0,0,0) (11)
Teopema 11. ITycmv 3adanv dee eunepnaockocmu

T AlfL'l—l-AQ.CCQ-l—...-l-Anlen—l-B: O, (12>
' Alxy + Abas+ ...+ Az, + B = 0.

Toz0a

e 2unepniockocmu T u T cosnadarom mozda u moavko moz0a, Ko020a
g (A1 LA, B) ,
/ / / - :
Ay ... A B

® cunepnaockocmu T U 7'/ napainensvHvl 6 MOM U MOABKO TMOM CAYYHAE,

ecCAlU A A A A
LA, .. A, B
rang (A’i A’) < rang <A’1 A B’)' (13)

n

o [Ipamas (0) aesrcum 6 naockocmu T, ecau u MOALKO, ECAU

(14)

A+ ...+ A + B=0;
Alvl+...+Anvn:O

o [Ipamas (0) napassesvna eunepniockocmu T 6 MOM U MOALEO MOM
cAyuae, eca

Al + ...+ A28 + B # 0;
Al’Ul—J’—...—l—Anvn:O.

e Huxaxoe agpurroe nodnpocmpancmeo ne MoAHCem CEPeUUBLMbCA ¢ 2U-
nepn.A0CKOCMBHIO

Jlokazameavcmeo. PapencrBo 7 = 7' 9KBUBAJIEHTHO B CUJIy NPEJJIOKEHUS
5 romy, uro crpoku (A}, ..., AL, B') u (A;,...,A,, B) 9kBUBaJIeHTHbI, T.€.
TPOMTOPITUOHATBHBI.
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Hoxkaxxem Bropoe yrepxenue. [Tycrs 7 || 7. Torua cucrema (12) necos-
MECTHA M B 3TOM CJIy4ae paHr MaTPHUILI 9TOH CUCTEMbl MEHBIIEe paHra pac-
MUPEHHO# MaTputibl, 4To u T.71. Haobopor, ecsu Boinosueno (13), To cucrema
(12) mecopmecrna, nosromy 7N 7" = (). O6o3nauum uepes H u H' nuneitnbie
IOJIIIPOCTPAHCTBA, KOJIMHEAPHDBIE THIIEPIIOCKOCTSM T U T COOTBETCTBEHHO.
Onu 33J1a10TCs ypaBHEHUSIMU

H A1$1+A23}2+. . —f—AnZUn =0 H/ . A'la:1+A'2:L‘2+ . —{—A;,Liﬁn = 0.

, A .0 A,
Ho B cuity nepasencrsa (13), panr marpuiib w ) paser 1, nosro-
1 .« o n
vy H = H'. Jokazano, uro 7|7
Tpsivas (6) J1€sKUT B IIOCKOCTH T, €CJIN 1 TOJIBKO, eciin Touxn (2, 29, ... xD)

u (24v1, ..., 20 4+v,) nexar na neit, re. Y Al +B = > Ai(2¥+v;)+ B =
0. Dra cucremMa SKBUBAJEHTHA B CBOIO odepenb cucteme (14).

[Ipsimasi (0) mapasutesibHa MIOCKOCTH T, TOTJa W TOJBKO TOMJIA, KOT/a

0 ,.0 0

rouka (29,29, ...,2%) ne npunamnexur 7, re. Y. Al + B # 0, a sexrop

(v1, ..., v,) mpuHATIEKAT MoATpocTpancTBy H : > Ajx; = 0.

Hoxkaxkem mocsiesinee yreepxaenue. Ilycrs B — addunnoe nmosmpocrpan-
CTBO KOJLTMHEapHOe JimHeiiHoMy mojnpoctpanctBy H. Obosuauum depes T'
JITHEITHOE TIOITPOCTPAHCTBO Pa3MEpPHOCTH N — 1, 3a/laHHOe YpaBHEHNEM
> Ajx; = 0 u kosunaeaproe runepiiockoctu 7. Ecoim H C T, o B u T ne
MOTyT ckpemuBarhes. [lycrs H | HE JIeXKHUT B T. Torna H +7T = L. Bozbmem
P e rtu@ € B. Pazjjooxkum PQ) = a+ b, rmea € Hub € T. Torja
QQ =P+ (a+Db), orkyna P+ b = @ + (—a). Dra Touka NpUHAIEKAT KaK
7 tak u B. CnenoBarenbHo, 7 u B CKpenuBaThCs HE MOTYT. ]

CaencrBue (naTeiii moctynar EBkauga). Yepes awobyro mouky ag-
Punrnozo npocmpancmea, e AEHCAULYIO Ha 2UNEPTAOCKOCTIU T, MOACHO TPO-
GECU 2UNEPNAOCKOCTND U NPUMEM MOALKO 00HY, NAPAAAIEALHYIO OAHNOT.

Joxasamenvemeo. Ecin 7@ Ajzy+.. .+ Ay, +B=0uQ(z7,...,25) ¢ T,
TO MCKOMasl I'MIEPIJIOCKOCTL UMeeT ypaBHeHHUe

Al(xl —.fUik) -I——l—An(ZCn—.%':;) =0
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Sajgaun.

1. I[ycts By, By — nBa addUHHBIX TOAMPOCTPAHCTBA TAKUX, 9TO HAUMEHb-
1ee 1OJIPOCTPAHCTBO, cojepkaliee ux oboux, cosuaaer ¢ A. Torua 1moj-
npocTpancTsa By u By He MOryT CKpelnBaThes.

2. CocTaBUTh ypaBHEHUE TPEXMEPHOI TIIIOCKOCTH B IISITUMEPHOM MPOCTPAH-
crBe, npoxojsiieit yepes rouky M (0,1, —1,3,4) u napasuiesbHoil Tpexmep-
HOI IIJIOCKOCTU T1 + 2T9 + 3T3 = X4, T1 + To + T3 + x4 = 25,

3. Uccnenosarh B3amMHOE PACIOJIOKEHNE JIBYX JBYMEPHBIX TIJIOCKOCTEN B
IS TUMEPHOM TIPOCTPAHCTBE

T:T1=x9=1, T3+ x4 = T5;

prr1=24+u,x9=3,r3=3+2v, 24=4, x5 =5+u+v

4.3 IligockocTu B TpeXMepPHOM IIPOCTPAaHCTBE

IIycts A — Tpexmepnoe addUHHOE NPOCTPAHCTBO ¢ KOOPAUHATAMU I, 1, 2.
PacemorpuM pasiudanble crocoObl 3aJaHusl IJIOCKOCTH B IpocTpancTse A.

e [Tycmv a(p,q,r), b(p', ¢, ") dea nexorruneapnux sexmopa, u P(xq, yo, 20) €
A. Tozda obuiee ypasnenue naockocmu, nporodswet wepes mouxy P u
Koaauneapnoti eexmopam a u b umeem cud

—xo Y—Y = — %0
P q r | =0. (15)

/ / /

p q r

o [Tycmov A(x1,y1,21), B(x2,Y2, 22), C(x3,Y3, 23) — mpu mouru npocmpa-
cmea, me aesrcawsue 1a 00not npamot. Toeda obuiee ypasnenue naoc-
KOCTIU, NPOT00AWET “epes IMmu MoKy uUMeem 6uod

r—r Yy—y1 <2—=x
To—x1 Y2 —y1 22— 21| =0. (16)
r3—T1 Ys— Y1 23— 21

Bropoit ciaydail ¢cBOJuUTCA K NEPBOMY, €CJIM B KadecTBE BEKTOPOB B3STh
AB u AC; He KOJIMHEAPHOCTH 3THX BEKTOPOB B TOYHOCTH O3HAYAET, UTO
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rpu rouku A, B, C' ne siexkar Ha, ojHoii npsimoii. Haobopot, nepsblit ciyuait
CBOJIUTCSI KO BTOPOMY, €CJIA Hapsiy ¢ TOUKoil P paccMorpersb Touku P+ a u
P + b. Henocpencreennoii mojcranoskoii koopauaar Touek A, B, C' B ypas-
nenne (10) mpoBepsieTcst, YTO OHU YJOBJIETBOPSIOT JaHHOMY ypaBHenuio. C
npyroit croponsl, 06a ypasuenust (15) u (10) adbdunno muneitns, T.e. nMe0T
B ax + by + cz + d = 0. Ocraercs jokazars, 4o (a,b,c) # (0,0,0) mia
OJIHOTO U3 HuX, — nepsoro. Tak Kax
) Y

TO 3aHyJeHUEe 3TOU TPOUKU O3HAUYAET HMPOINOPIUOHAJILHOCTL CTPOK (P, q,T),

q T
q/ r!

p T
p/ r!

P q
P q

Y 9

(a,b,c,):<

(p',q',r"), uro IKBUBAJEHTHO KOJITMHEAPHOCTH BEKTOPOB a 1 b.

IIpenmoxenune 12. Tpu naockocmu Aix + Biy+ C;+D; =0 (i =1,2,3)
nepecexaomcea 6 00notl moyuke mozda u mMoavko mozda, Koz20a

A By )
Ay By Cy £0.
As Bs (s

DTO yTBEpIKJIEHUE eCTh MPsiMoe CJaecTBre TpaBuia Kpamapa.

5 bapulieHTpnyeckne KOOpANHATHI

B JuHeiiHOM IIPOCTPaHCTBE UMEIOTCs OIePAIH CJI0XKEHUsI BEKTOPOB M YMHO-
JKEeHHUsT BEKTOPOB Ha sjeMenThl nosst K. B §1.1 Obuta omnpejenena omnepa-
11si CJI0YKEHUsT TOYKU apPUHHOrO MPOCTPaHCcTBa ¢ BeKTOpoM. MoxKHO 6@)0
OBl arke ONpeIeanTh pa3sHocTh JAByX ToueK A m B xak B — A = AB.
OjiHako cymMMa JIBYX TOYEK He olpejiesieHa. B obiem ciydae cymMMme JIBYX
TOYEK HEJIb3sl MPUJIATh Pa3yMHOro cMbicia. OJHAKO, €CHU Lo, L1, ..., LTy —
Habop ssementoB nosst K raxoif, uro Y o x; = 1, 0 jyist 00bIX TOUEK
Py, P, ..., P, € A MOXHO OIDPEIETUTL 0apUUEHMPULECKYI0 KOMOUHAUUIO

P:x0P0+x1P1+...+mem (17)

KaK TaKyio TOUKy P, 1To

— —
OP = 2yOFy + v10P, + ... + 2,,0P,, (18)
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Juist Kakoit-im6o rouku O € A. [lokaxkem npexxjie Bcero, 4ro 3jech ppasy
" s kakoit-bo Toukn O" moxkHO 3amenuTsb Ha, ' 1yt sm060it Toukn O", T.e.
JOKaXKeM, ITO ecid umeer Mecto pasencrso (18) mig rouku O, To mojobHoe
PaBEHCTBO OyJeT CIpaBeJInBO U st Jiioboi apyroit Toukn O

0P =000 =00+ 2,08 = (3 )00+ 3 0P =
i=0 i=0 i=0

— —_—
Bazss B kauectse O Touky Py u yuntoiBas, uro PyFPy = 0,a P = Py+ PRy P,
MOJTY I M

UL
P=P+>» RP, (19)
i=1
IMpumep. Ilycrs (P;,m;) — cucrema ToYeUHbIX MAcC B (DUBUIECKOM TIPO-
crpancrse (P; — rouka, m; > 0 — ee macca, 0 < i < m). Torga nenrp s-
JKECTHU 9TON CHCTEMbl €CTh He UTO NHOe KaK OapUIeHTPUICCKasd KOMOMHAIINS
Yoo P, tne M = 3" m;— Macca BCeil CHCTEMBL.

Ecsin ukcuposars Touku Py, Py, ..., Py, T0O BCeBOBMOXKHbBIE DapUIEHTPHU-
yeckue KomouHanuu rohFy + v1 P + ... + x,, P, obpasyior agdunnoe nod-
NPOCIPancmso, NOPOHCIECHHOE MHONMCECTNEOM IMuUL moyer. [leficTBUTEb-
Ho, BekTop P(Q) ¢ nasajom P = xgFPy + v1 P + ... + x,, P, v KoHIlOM
Q =z Py + 2\ P, + ...+, P, pasen

PQ = 0@ — OP = ix;b—ﬁz — Zm:xlO—]BZ = zm:(x; — xz)_O—ISZ
i=0 i=0 i=0

Bujgnum, 9T0 COBOKYITHOCTH TaKUX BEKTOPOB COBIAJIACT ¢ MHOXKECTBOM JIU-
Heitnbix kombunanuit » - t;O0P; Slati = 0 o 7

it Y . t;OF;, toe ) ._,ti = 0 n obpasyer smneiinoe
nojipocrpancTro. Obozuadum adduHHOE MOANTPOCTPAHCTBO, MOPOXKJIEHHOE
muoxkecTBoM Touek 1" yepes Aff(T). Tlo onpejiesiennio 3To ecth HaMMEHbITee
addunnoe noampocrpanctso B A, comepxKaiee mHoxecrso 1. B ciyuae,
korjga T = { Py, P, ..., Py} 13 BblIIeJOKa3aHHOTO CJIEJIyeT, U4To

AH{P()aPla"'aPm}: ZZUZPZ|$ZEK,Z$Z:
i=0 =0
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Omnpenenenne 13. Touku Py, P, ..., P, Ha3biBaoTcs bapuyenmpuieckot
cucmemoti Koopduram WIA penepom, eciau st 1oboit roukn P € A naii-
aytest equHcerBennble Koadbdunuentor x; € K (0 < @ < n) ¢ yenoBuem
Yoroxi = 1 n takue, uro P = " (x;P,. B srom cuyuae xg, 1, .., T,
HA3LIBAIOTCS OAPUUCHMPUUECKUMU KOOPAUHAMAaMU MoKy P.

ITpennoxenne 14. Touxu Py, Py, ..., P, 6ydym bapuuenmpuuecrot cu-
cmemoti Koopduram mozda u moavko mozda, xozda Py, Py Py, PoPs, ..., PyP,

— cucmema koopdunam agdunmnozo npocmpancmea A

e ——
Jlokxazamenvcmeo. Ecniu BekTopa Fy, P; JMHEHO 3aBUCHUMBI, TO HaiijeTcs

HeHyseBoit HaGop uucen (1, Xa, . .., T,) Takoi, aro y - x; Py, P, = 0. O60-
3Hauasi Tg = 1 — Y x;, 10JydaeM, 9To

Py=1-Py+0-Pi+...40-Py; Py=> x;P
1=0

— JIBa Pa3IMYHBIX npejacrasaenus Ttouku Fy. Cuenosarensuo, Py, Py, ..., P,
— He SABJIFETCsT DAPUIIEHTPUIECKONH CUCTEMO KOOPINHAT.

e —
Haobopor, eciin Bekropa Fy, P; obpasyior 0asuc, To Jijisi JitoO0Oil TOUYKHU

P € A najigyrcs equncTBeHEbe KOAMDMOUIUEHTD! (21, T, . . ., Ty) TAKHE, ITO

—— n —

PP = > xR, P. Obosnavas xy = 1 — Y x;, monydaem, aro P =
n

Y o TP — enuHCTBEHHOE BO3MOXKHOE MPEJICTABIICHHE. O

Teopema 15. ITycmo [ : A — A" — adpunnoe npeobpasocanue. Tozda das
Mmobvr movex Py, Py, ..., P, € A u 00w xoapdunuenmos xo, T, ..., Ty €
K maxuzx, wmo Y ;" x; = 1 ewnoanaemes pasencmeo:

FIY wb | =) xf(P) (20)
=0 1=0

Haobopom, ecau [ : A — A — omobpasicenue maxoe, wmo 0as a06oix
mpex mouex Py, P, Py u mobwx xospduyuenmos g, x1,rs € K maxux,
wmo To+ x1 + xo = 1 svinoamaemcs pasencmeo:

f(xoPy 4+ 21 Py + 22 P) = 2o f (Fy) + 21 f(P1) + 22 f (P2),

mo [ — apdpunnoe npeobpasosanue.
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Jlokasamenvemeo. lokaxkem yrsepxkjenue "naodbopor". @ukcupyem TOUKy

O € A un jya nIpou3BOJILHOrO BeKTopa a € L omnpejeuM 0ToOpaskeHue
Df: L — L' rax, 4ro

Df(a) = f(O)f(O +a)

D10 paBencrso skBuBaseHtHo ciepyomemy f(O +a) = f(O) + Df(a).
Hokaxxem, aro D f — nuneitnoe orobpaxkenne. Bosbmem jutst sroro a,b € L
uxy,ro € K. Ilosoxkum g =1 — 21 — x9. Torja 1o ycjiobuio

f(200 + 21(0 + a) + 29(0 + b)) = 29 f(O) + 21 f(O + a) + 22/ (O + b)
YuuTbiBas, 4To
20O +21(0O+a)+22(0O+b) =0+ (xoO_é—i-a:la—l—xgb) = O + (r1a+ 22b)

1 IpUMeHsisI onpejieserne orobpaxkenus: D f, mepenucoiBaeM IoOCaeHee pa-
BEHCTBO 9KBUBAJICHTHBIM 00pPa30M:

f(O)+ Df(zia+xob) = 20 f(0) + z:1(f(O) + Df(a)) + z2(f(O) + D f(b).

[lo ompesiesieHNIO B3BEIIEHHOTO CPEJIHETO, TIpaBast YacTh 3/1Ch MOXKET ObITH
nepenucana 1ak f(O)+(x1Df(a)+x2D f(b)). Torga umeer mecro paBeHcTBO

f(O) + Df(rra+ b)) = f(O) + (x1Df(a) + 22D f(b)).

orKyjia oaydaem, uro D f(ria+xob) = 1D f(a) + 29D f(b) u nuneiinocrs
Df cnenyer.

Hoxkaxem renepb, uro f(O' + a) = f(O') + Df(a) ansa moboit Touku
O’ € A (u s moboro BekTOpa a).

—

f(O'+a) = F(O+(0'0+a)) = F(O)+DF(0'O+a) = f(O)+(DF(O'O)+Df(a)) =
— (f(0) + DF(O'0)) + Df(a) = f(O') + Df(a)

Sagaun.

1. Haiitu nienrp msikectu cucreMbl Marepuasibibix Touek A(2, —1,3),
B(7,6,1), C(9,0,-5), D(—3,4,1) ¢ Becamu my = 12xr., mp = 6kr., me =
4Kr., mp = 3KT.
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2. HaiiTu nentp TsizkecTi OHOPOIHON IJIACTUHKY, OI'PAHMIEHHON Ha, ILJI0C-
KocTH 3aMKHyToi Jjomanoit Aq(0,0), A5(6,0), A3(6,4), A4(10,4), A5(10,6),
Ag(4,6), A7(4,2), As(0,2), A;.

3. llycrs Py, P, ..., P, — peuep B adpdunnom upocrpancrse A, u Qp, Q1, ..., Q,
— cemeiictBo Touek B adpdunnom npocrpancrse A'. Cymecrsyer n nmpu Tom
TOJILKO euHcTBennoe adpdunnoe npeodbpasosanne ¢ : A — A’ nepesogamniee
P8 Q; nst Becex 1 =0,1,2,...,n.

6 MmaoroyroabHuku. Teopema Jle3zapra

Hust nByx pasubix Touek A, B addunnoro npocrpancrsa OyjeMm obo3Havars

yepes AB npsiMyto, IpoxoJsinyio depe3 3T Toukun. OueBuano, uro AB =
BA.

Ha muoxecrse crpok (Ay, Ag, ..., Ap), e A; — rouku adGuHHOrO 1po-
CTPAHCTBA, BBEJIEM OTHOIIEHUE SKBUBAJIEHTHOCTH, cunTas (A1, As, ..., Ap) ~
(A}, A, .. ALY ecam crpoka (A, A, ... Al ) nostydaercst U3 CTpOKH
(A1, Ag, ..., Ay) IpUMEHEHHEM TUKJIMIECKOH MepecTaHOBKU ¥ (MJIM) 3allv-
CbI0O CTPOKHM B 0OpaTHOM mopsyke. Hampumep, ¢cTpoka m3 Tpex OYKB 9KBHU-
BaJICHTHA, CTPOKE IOJIYUCHHON U3 9TUX Ke OyKB J11000ii nepectaHoBkoit. s
JeThIpex OyKB 9TO y2Ke He TaK:

(A,B,C,D) ~ (D,C, B, A) ~ (C,B,A,D) ~ (B, A,D,C) = (B, A,C, D)

Kuace skBUBaJIEHTHOCTH TI0 9TOMY oTHOIeHnio obosuaunm (A, As, ..., Ay)
¥ HA30BeM m-yzoavrukom. Ipamble A;A; 1 nma i =1,...,m — 1, a Takxke
npsimyio A, Ay 6yjiem naswiBarh cmoponamu m-yeosvruka (A1, As, ... Ap).

MHOXKECTBO CTOPOH HE MEHsIeTCsl IIPU IUKJINIeCKOi 3aMene u npu "mepeso-
paunBaHuu' CTPOKU BEPINNH:

(A1, Ao,y Ap) = (Ao, Ay Ar); (Ar, Aoy A) — (A, A, -5 Ad).

Orcroga ciaeayer KOpPEeKTHOCTH OTPEJIeJIeHNsT CTOPOH 1M-YTOJIhLHUKA.

Eciau m = 3, 1o kuacc skBusasienrnoctu obosnadaem AABC u nazbiBaem
mpeyzoavrukom. VI3 onpenesienust sKBuBajeHTHOCTH caeayer, uro NABC =
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ABAC = .... TpeyrojbHUK 6vipooicden, eCau ero BepIInHbI JIEXKAT Ha OJIHO
IPsIMO¥i; B IPOTUBHOM CJIyYdae TPEYTOJTbHUK HEBbPOHCIeH WU COOCMEEHHDIT.

Hea muoroyronbauka (A1, Ao, ..., Ap) u O(AY, AL, ... ALY addpunno
pasHbl, eciin cyinecTsyer apduHHOe 1peodpPa3oBaHre IPOCTPAHCTBA, IEPEBO-
nsree Bepinuay A; B Bepiiumy A;) (iy» DA€ p — JIONyCTUMAsT TIePECTAHOBKA, T.€.
nepectaHoska npu Koropoit (A1, Ay, ..., Af) = 0(A ..., A ).

IIpennoxkenue 16. Jobvie dsa nesuviposcdernnvs mpeyzorvruka apghurrio
PAGHDL.

[lycrs M = 1/2A + 1/2B — 6apurnentp Bepuiua A u B, a N = 1/2B +
1/2C' — 6apunenrp seprima B u C rpeyrosbuuka ABC. Tpsimyio M N ua-
30BeM cpedrets AUHUET MPey20ibHUKA.

—_
IIpengoxkenune 17. /ia cpedned sunuu umeem mecmo pasencmeo 2M N =
AC'. Ecau mpeyzoarvnux ABC wne ewpootcden, mo cpednsasn aunus M N na-
pasnreavra ocnosanuro AC.

Teopema 18. ITycmv ¢ mpeyzoavnuxaxr ABC uw A'B'C" emoponw AB, BC),
AC woanruneaprv cmoponam A'B', B'C', A'C'. Tozda npamwe AA', BB,

CC" aubo koanuneapno, aubo nepecexaromes 6 00not mouke (cm. puc. )

Puc. 5: Teopema [lezapra

I D/ yal
Joxasamenvecmeo. Obosnaunm a = AB, b = AC. Torna A'B' = Ma, A'C' =
1b, Kak cienyer u3 ycaosus. Jlocrarouno cuntarh a u b JIMHEHAHO He3aBH-
CHMBIMH, HHAC yTBCPK/ICHIE TCOPEMBI TPUBHAILIO, Hauee: BC=b—aun

B’ C" Ab — pa. U3 kosumaeapHOCTH 9TO# 1Mapbl ¥ JIMHEHHOW HE3aBUCUMO-
— —

cru a, b caenyer, uro A = u. Torpa B'C' = )\BC’ Hpe,ZLHOJIO}KI/IM yro AA

BB’ nepecekaiorcs B oguoii Touke O. Ilycrn OA’ — VOA. Moo CIUTATD,
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—
g1o 1 a u b He Kosmaeapunl O A, nHave 3aKJII0YEHNE TEOPEMbI CHOBA, TPUBH-

— —
anpno. Tax Bekrop OB = OA + a xonmneapen sekropy OB’ = vOA + \b,
To v = \. Orcroza nosydaem:

—_— —

OC" = OA + A'C" = \OA + Ab = A(OA + b) = A\(OA + AC) = \OC.

Tem cambiv npsimast C'C” npoxogur yepes Touky O. ]

Sagaun

1. CKOJIbKO Pa3HBIX MSITUYTOJBHUKOB MOXKHO COMOCTaBUTDL ISITH Pa3/Ind-
HBIM TOYKAM.

2. Ilapannenorpamm ABC'D 3710 4eThIpeXyroabHUK, Y KOTOPOTO MPOTHU-
pornoJioxkuble cropoubl AB u C'D, a takxke BC' u AD napaJuiesnbnbl. Jloka-

zarh, 4o Torga AB = DC u BC = AD. llpun addurnom nzomopdusme
mapaJiieJIorpaMM TepexoIuT B mapaJuiesorpaMm. JlokasaTs TakxKe, 9To JJIst
IIJIOCKOCTH MAPaJIIeIOTPAMM MOXKET OBITh IIPUBEJICH K €JIMHUIHOMY KBaJIpa-
Ty (0,0), (0,1), (1,1), (1,0) addunnbim npeobpazosanuem. CiiejoBaTebHO,
poMO He OTJIMYUM OT TapaJiiejiorpaMma B apuHHON reoMeTpui.

7 EBKJIMAOBBI TOUEYHbIE TPOCTPAHCTBA

Hasee paccmaTpuBaioTcs adGUHHBIE TPOCTPAHCTBA HAJT ITOJIEM JeHCTBUTE b
HbBIX YHUCeJI.

7.1 OrTpe3ku 1 BbIDYKJIbIe MHO>KECTBA

[Tycrs A u B — rouku addunnoro npocrpancrsa. Ompeskom |[AB]| nazoem
muoxkecTBo Touek C' = tA + (1 —t)B, rme 0 < ¢t < 1. dlcno, 4ro orpe3ok
[A, B] nexkur na npsivoit AB. Orpesok [A, B] pasen orpesky [A’, B'] B Tom u
TOJILKO TOM ciiydae, korja muoxkecrsa { A, B} u {A’, B'} cosuajator. Touku
A n B naspiBarorcs xonuyamu ompesxra. He nckmodaercs copiaienne KOHIOB
orpeska — A = B, 310 B TOUHOCTH TOT Cjiyuail, Korya orpe3ok [A, B] cocrour
u3 o/iHoi Touku. Eciu rouka C upunajyiexur orpesky [A, B] u ne copuajiaer
C ero KOHIJAMH, TO TOBOpHUM, 4TO mouka C aescum meocdy A u B.

ITpennoxkxenue 19. /s 410001 NONGPHO PASAUMHBLT MPET MOYEK, NPUHAO-
AEACAUWUT NPAMOT, POSHO 00HA MOUKA AEAHCUM MeAHCIY OPY2UMU.
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Joxasamenvemeo. Ilycrs Trouku A, B, C' nonapHo pas/duHbl ¥ JiexKaT Ha,
e —
npsamoit £. Orciona cienyer, uro sektopa AB u AC konnmmuaeapnsnl, T.e. AB =
MAC jpna kakoro-mumbo A € R. Hucmo A #He moxker ObiTh 0, Tak Kak A #
B u ne moxer Obith paHo 1, Tak kak B # C. Ecm A = —k < 0, 10
1MAB + 1+kAC 0, otkyna caejnyer, ato A = 1+kB + 1+kC’ U TEM CaMbIM
A€ [B,C]. Ecim 0 < A < 1, To touka B = (1 — A\)A + AC' npunajjie;kur
orpesky [A, C]|. B tperbem, ocrasiiemes ciydae A > 1 MOXKHO UCXOJUTH U3
—
paBerctBa AC = %AB u JoKazarh, uro Touka C' jexur mexay A n B.
[IpuBeieHHBIE PACCYXKJICHUST MOYKHO OOpPATHUTL, T.€. €CJIU, HAIPUMED, TOUYKA
A nexur mexay toukamu B u C, 1o obszaresbno A < 0, ¥ aHAJOMTIHO
JUIST JIBYX OCTABIIUXCST CIYIAEB. DTO MOKA3BIBAET, YTO TOJHKO OIHA TOUYKA U3
A, B, C HaxomuTcst MexXKly JBYMs APYTUMHU. O

[TogmuoxkectBo D addurHoro npocrpancTsa HaJl mojgeM R HA30BEM 6bi-
NYKABLM. €CJIA BMECTE ¢ JIOOBIMU JBYMs Toukamu P, () € D 3ToMy MOIMHO-
KECTBY HPUHAJJIEKUT U BeCh 0Tpe3ok [PQ)]. U3 sroro onpejesenus caejyer,
YTO MepecedeHrie BBIMYKJLIX MHOXKECTB CHOBa OyJeT BBINYKJILIM U TEM Ca-
MBIM JIJIsI JII0OOro mojiMHOXKecTBa F' adbdUHHOrO IpoCTpaHCTBa CyIIECTBYET
HaMMeEHbIIIee BBIITYKJIOe MHOXKECTBO, cojepxKaiiee F'. Hazosem ero swnyx.aot
000104kl mHoocecmea F u obosnauum [F). dusi juByx Touek A, B BblityK-
Jas 000JI0YKa COBIIAJIAeT ¢ oTpeskoM [A, BJ.

Teopema 20. Bunykaan oborouxa cucmemvt mouex A, ..., A, cosnadaem
¢ MHOIHCECTNEOM

m
[Al,...,Am]: t1A1+t2A2+...+thm |t220, thzl
i=1
Joxasamenvemeo. fcuo, uro A; € [Ay, ..., Ay juist sioboro . [lycrs

P:t1A1+t2A2—|—...—|—thm; D:tllAl—Ft,QAQ—'——Ft;nAm

— JIBE TOUKM U3 MHOXKeCTBa [Ay, ..., Ay, ]. BosbMem npoussosibhyio Touky C' =
AP + (1 — X))@ na orpeske [P, Q). Torua
m

C=) (Mi+ (1= MNt)A; € [Ay, .., Ay

i=1

Hokazano, uro muoxecrso [Ay, ..., Ay] Bbiiykio. Ilyers teneps D — kakoe-
OO0 BBITYKJIOE MHOXKECTBO, cojepzKariee TOUkn Aq, ..., A,,. Ungykuumeit, mo
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KOJIMYECTBY HEHYJIEBbIX ClaraeMbix B cymme P = t1A; +t0As + ... + 1, A,

JnoKaxkeMm, uro P € D. i oJlHOro HeHyJeBOr'o CjaraeMoro, Touka P coB-

najaer ¢ ogHoil uz A; u yrsepxjenue caegyer us ycaosus: A; € D. Ilycrn
J— tl t2

t1,to > 0. Paccmorpum touky Ajp = mAl + MAQ MPUHA/JIEIKAIILY O

orpesky A1, As] a, smaunt, n Mmuoxkectsy D. Umeewm:

P=(t +ta) A+ 1345+ ... +t,A,

[Tpumensist MH/YKITMOHHOE TPEJIITOJIOXKEHE, nojydaem, yro P € D. Anajo-
IIYHO pasbupaercd ciydait Korja t;, t; > 0 1149 Kakux-1160 AByX Pa3HbIX UH-

JIEKCOB 1, J. Jlokazana MHHMMAJIbHOCTD BBIIYKJIOTO MHOXKeCTBa [Aq, ..., Any).
[l

7.2 OmnpeneneHne eBKJNI0Ba ITPOCTPAHCTBA.

Onpepenerne 21. Egkiudosvim (moueunvim) npocmpancmeom Ha3vi6aem-
cA addunnoe npocmparncmeo ¢ accouuuposaHHvIM E6KAUIOELM AUHETHDLM
npocmpancmeom. Addunnoe orodbparkenne f OJHONO €BKJINI0BaA IIPOCTPAH-
CTBa B JIpyroe HasbiBaercst uzomempued, eciau juddepennuan D f coxpamsi-
eT cKaJisipHoe mpoussBenenne. Mzomerpuunoe oroOparkenne eBKJIMI0BaA IPO-
CTpaHCTBa Ha caMo cebsi Ha3biBaeTCst nHade deuscenuem. JIBrxenne Ha3bI-
BaeTCsl COOCTBEHHBIM, €CJIM OIPEJIeJINTE/b MATPHUIIbI, 3aiaoiei quddepen-
IIIAJT 9TOTO JIBUKEHUS, MOJOKUTETICH.

Ilycrs Dy, Dy — mopMHOXKECTBA €BKJIKIOBLIX IpocTpacTs Aj, Ay coor-
BETCTBEHHO. DTH MOJMHOXKECTBA HA3BIBAIOTC U30MEMPUUHbLMU, €CJIU CYIIIE-
crByer uzomerpust ¢ : A; — Ay rakas, uro ¢(D1) = Ds. Ecin peun njer 06
onrom mpocrpanctse (A = Ajs), TO H30METPUIHbIE MOJMHOKECTBA HA3BIBA~
0T KOH2PYIHMHOLMU NIIU, JIOTYCKas BOJILHOCTE, PABHBIMU.

Teopema 22. IIycmo By, By — nodnpocmpancmea eskaudosvir npocmpancms
A1, Ay odunaxosoti pasmeprnocmu. Jobas uzomempus By — By npodoasica-
emcs 0o uzomempuu p : A1 — Ag. B uacmmnocmu, 6ce e6KAuI06bL MoueuHbLe
NPOCMPAHCNEA PASMEPHOCTIU T USOMEMPULHDL,

okasamenrvcmeo. Pesyibrar siBiisiercst HPsiMbIM CJIEJCTBAEM 11POLECCa, OpP-
toronaymm3anuu IIMuara eBKINI0Ba JIMHEHHOTO IPOCTPAHCTBA. []

32



Tak Kak Bce €BKJIMJOBbI JIMHEHHbIE IIPOCTPAHCTBA, (PUKCUPOBAHHON pas3-
MEPHOCTH 7 U30MOP(MHBI IPOCTPAHCTBY CTPOK R" ¢ cTaHIAPTHBIM CKaJsip-
HBIM [TPOU3BEJICHUEM

n
(w1, 20, ..., 2n) - (2], 25, ...,2)) = lex;,
i=1

TO JII0DOE EBKJIMJIOBO TOUYEUHOE MPOCTPAHCTBO U30METPUIHO TPOCTPAHCTBY
CTPOK, KoTopoe Oyjiem obosnadars K. B ciaydae n = 2 roBopum o esk.audo-
601 NAOCKOCMU, & B CIyYae 1. = 3 TOBOPUM O e6KAUIOGOM NPOCMPAHCIMGE

OxkazpIBaeTcst, 9TO CBOWCTBO OTOOPAYKEHUsT COXPAHSITH PACCTOSTHUST STBJISI-
€TCsl CTOJIb »KECTKUM, YTO OHO aBTOMATH4YeCKU BjedeT adPUHHYIO JUHET-
HOCTb.

ITpennoxenue 23. Omobpascenue ¢ : E" — E" coxpansousee paccmosn-
Hue, bydem Jd6uHCEHUEM.

Joxazamesvemeo. Tycrs p(O) = P. Cosepiniasi JIBUXKEHUE — apaJIeib-
=

Hblii niepenoc ua Bekrop —OP; ceejiem yreepxienune K ciaydaio p(0) = O.
13 bopmyaint (a+b)? = a?+2ab+b? cienyer, uro orobpaskenne Dp(OP) =
Op(P) coxpansier ckassipuoe npoussejenue. [lycrs F = (f1,£5, ..., f,) — op-
ToHopMupoBanHbIii basuc. Torma u g; = Do(f;) Takxke GygeT opToOHOPMEUPO-

n

BaHHbIM OazucoM. [lycrs a = " | a,;f; — npousBosbrbIil BekTop. Pasnoxim

obpas Dp(a) = > | x;8; no nHopomy Gazucy. Torma

r;=Dyp(a) g =Dyp(a) - Dp(f)) =a-f, =q;

orkyna caeayer dbopmyna Dp(a) = D7 | a;g; W TEM CAMbIM CJIeJlyeT JIMHEi-

HOCTH OTOOpaxkenusi De. ]

Cucremy xoopmauuar O, F eBkiupoBa mpocrpancTsa K" takyio, aro F
— OPTOHOPMHUPOBAHHBIN OA3UC ACCOTMUPOBAHHOIO JIMHEHHOIO IIPOCTPAHCTBA,
HA3bIBAIOT TaKXKe dekapmosots cucmemoti xoopdunam. amee mpemmosara-
eM, 9TO T1,...,T, — JEKAPTOBLI KOOPJUHATHI B €BKJIMJOBOM IIPOCTPAHCTBE
E". Paccmoanue mencdy deyma MOUKAML P u Q) esxaudosa npocmpancmea
oIpeJieJIUM Kak JIHHY BeKTopa P(Q):

A(P,Q) = \/ P2
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Eciu (x1,29,...,2,), (Y1,Y2,---,Yn) — JEKAPTOBbI KOOPJMHATHI TOYEeK P 1

Q, To

n
2 2
d(P, Q)" = Z(fﬁz —yi)".
i=1
st rouek P u @), otnmaabix oT Touku R, onpenenum yeon £ PO(Q) kak
ancyio u3 orpeska [0, 7| rakoe, 4To

OP - 00
cos ZPOQ = ———
07| |og

B €BKJIMJOBOM IIPDOCTPAaHCTBE BbLIIIOJIHEHbI BCE aKCHUOMDI eBKJH/I,Z[OBOﬁ reo-
METpUn, 3HA9YUT B HEM BO3MOKHBI BCE reoMeTpnieCKmrne nmoCTpoeHmA.

OproronajibHas IIPOEKINA M CUMMETPU

[lycrs L = H @ H+ — npaMoe pasjoXKeHHe B CyMMY HOJIPOCTPAHCTBA
H w ero oproronaJibaoro jonosnenusi. Ipegnonoxxkum Ham gano adgpdunnoe
nojpocrpancrso B, kosunneapuoe H. Torna npoekiyio E” na B sions H*
Ha30BeM (0pmozonanvhoti) npoekyuets na nodnpocmpancmeo BB. Anajormd-
Ho, cummerpuio E" ornocuresnnio B spons HE nasosem (opmozonanvnoi)
cummempuetc omuocumenvro B.

ITpennoxenue 24. Cummempus 0mMHOCUMEALHO NPOCMPAHCNEA YEMHOT
KOPA3MEPHOCU ABAAEMCA cobcmeentbim deusicenuem. Cummempus om-
HOCUMEADHO NPOCTPAHCNEA HEYEMHOT KOPA3MEPHOCTU ABAAEMCA HECOO-
CBEHHBIM JBUNCEHUEM.

Jlokxazamenvcmeo. Chenayer u3 KOOPAUHATHON 3aIIUCH CUMMETPHUH. [

IIoBopoT BOKpPyT ocu.

ITycts £ = O + aR — nipsimast B €BKJINIOBOM MTPOCTPAHCTBE, & 1 — OPTO-
ronajabHoe Mpeobpasosanue Juneiinoro nojanpocrpancrsa (aR)®. BosbMem
[POM3BOJILHYIO TOUKY P 1 pa3jioxKuM BEKTOD OP = at +v, e v L a.
[Tocrpoum Touky ) Takyio, uro OQ) = at + ¥ (v). Torma nosopomom npo-
cmpancmea E" ommocumenvrno npamot £ wa dsuscenue P opmoz2onasvrot
2unepn.aockocmy, Ha3oBeM rpeobpasoBanue [y, nepesogdiiee To9ky P B ()
(em. puc. [6).
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R

Puc. 6: [ToBopoT Bokpyr ocu.

IIpennoxxenue 25. Ilosopom Ry, Asasemcs deusicenuem e6xiudosa npo-
cmparemesa. Ono bydem cobcmeeHHIM 8 MOM U MOALKO MOM CAYYae, K020a
Y — cobecmeennoe deustcenUe.

IMpennoxenne 26. Tycmo P(x),2Y,...,20) € E", u v(Ay, As, ..., Ay) -
nenynecoti eexmop. Toeda
T Af(ry =2+ 4+ Ay(z, —20) =0

— ypasnenue 2unepniockocmu, nporodauet wepes mouxy P u nepnenduxy-
AAPHOUT 6EKMOPY V.

JeiicrBuresibHO, ecyin 0603HAUUTE Yepes (X1, Ta, . . ., Tp) KOOPMHATHI TPO-

U3BOJILHON TOYKM (), TO

7

—
QET@PQLV@ZAi(xi—xQ):O.
i
Kak ciresicTBre 10Ka3aHHOTO PE3YNbTaTa MOTydaeM, 9TO

Az — o) + B(y —y) =0

— ypasnenue NPAMot na e6KAUJOGOT NAOCKOCMU, NPOLOAULET YEPE3 MOUKY
P(x0,y0) u nepnenduryrapnoti nenyaresomy sexmopy Ai+ Bj. Anajiorudno,

Alx —xo) + By —yo) + C(z — 29) =0

— YPABHEHUE NAOCKOCTNU 6 MPELMEPHOM NPOCMPAHCINEE, NPOLOOAWET YePes
moury P(xo,v0, 20) u nepnenduxyraprot nenyresomy eexmopy Ai + Bj +

Ck.
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8 PaccrosgHue MexX/ay NoJIIPOCTPAHCTBAMM

Ecnu ganHb! JiBa HEIYCTBIX MOJIMHOXKECTBA eBKJIMJIOBA, IIPOCTPAHCTBA, TO Pac-
CTNOAHUE MEXKJLy HUMU — 9TO TOUYHAsl HUXKHsIA I'paib Beex jummn |PQ|, rue P
— npoberaeT mepBoe MOAMHOXKECTBO, a () mpoberaeT BTOpPOe MOAMHOXKECTBO.

Teopema 27. Paccmoanue om mouku P29, 23, ..., 2Y) do 2unepnaockocmu

T: A1+ ...+ Apz, + B =0 pasno daune nepnendukyiapa, onyu,entoz2o
u3 mouxu P na 2unepniockocmsv u 8bUUCAAEMCA O CACOYIOWET popmyre:

B |Ar2l + ...+ A2l + B

d(P, T
(B.7) VAT .+ A2

Joxasamenvemeo. Ilycrs () € T — opToronasbHast mpoekiust P Ha T (cM.
puc. [7).

a

Puc. 7: PaccTognue oT TOYKHU /10 TUIEPILIOCKOCTH

O6o3na4duM 4epe3 a sektop ¢ koopaunaramu (Aq, A, ..., A,). On nep-

HEHJMKYJISAPEeH T, 1 1103ToMy Kojutnneapen PQ, t.e. QP = ta’, rue a¥ = Tal

— opT BekTopa a. Torma

2= QP> = QP - OP = QP - (ta¥) = 29 (21)
|

—

Hoa QP =Y A;(2?—2z) = Ajx;+ B, rie z; — KoopuHATE TOUKH (.
[IpupaBHuBasi Moy/IH JieBOit U TpaBoil dactu B coorrorennu (21), a 3arem
ISt

EY
JTOKa3aTh. []

cokpaias Ha |t|, noayuum d(P,7) = |t| , 4TO U TPEDOBAJIOCDH
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dukcupyem jiajee runepiiockocrs 7 @ Ajxy + ...+ Az, + B = 0. Kax
cienyeT u3 TeopeMbl 27, Monynb Beauaunnl A1z +. ..+ A2, + B nponopiu-
OHAJIEH PaCCTOAHUIO OT TOUKU P(x1,Ta, ..., T,) IO TUIEPIIOCKOCTH T. SHAK
9TOI BEJMYMHBI TAKXKE UMEET reoMerpudeckuii cmbics. Oboznaumnm

A, ={P(z1,29,...,2,) € A| Ajz1+ ...+ Apz,, + B > 0}
A_:{P(.I'l,l'g,...,xn)€A|A1$1+...+An$n+B<O}.

Teopema 28. Iodmmnoocecmea Ay, A_ u eunepniockocmov T pasbusarom
eskAudoso npocmparcmeo K. Kaotcdoe us amux muootcecms svinyrkao. Ecau
Pe A, Qe A_, mo ompesox PQ nepecexaem 2unepniockocms T.

Joxasamenvemeo. Ilycrs (ay, az, ..., ay,), (b1, ba, ..., b,) — KOOpAUHATHI TO-
ek P u @) coorsercrsento. Torma (ait+b1(1—t),...,a,t +b,(1—1))) npm
t € [0, 1] — koopsuHaThl IPOU3BOJILHON TouKK orpe3ka PQ). Tak kak

> Afat +bi(1—1)+B =) A+ B)t+ (Y _ Aibi+ B)(1—1),

TO YTBEPXKJIEHUsT O BBLIMYKJIOCTH MHOXKecTB Ay n A_ CTaHOBATCA OUYEBW/I-
ubivu. Eciim ke P € Ay, a@Q € A, 1rop := > Aia;+B >0uq:=
—(>_ Aibi+ B) > 0. Torna npu ¢ = 1= € [0, 1] nosyuaem TouKy U3 oTpeska
PQ, npuHa JIeXKAIIYIO0 THIEPILIOCKOCTH T. ]

9 VYrojg mexxay MoAOpoCTpaHCTBAMMU.

Bribepem Touky O u HenyJsieBoit BekTop a. [logmMHOKecTBO
m={O+a-t|t>0}

npsimoit O + aR nazosem ayuem ¢ nwauvasom 6 mouke O U HANPABAAIOULUM
sexmopom a. Ilyctb mq, mo, m3 — Tpu JIyda ¢ HadaaoM B ojgHOi Touke O u ¢
HAITPABJSIOMUMY BeKTopamu a; (1 = 1,2,3) . CraxeM, 9T0 JIyd Mo A€HCUM
MENCAY AYUaMU M1 U M3, €CIM UMeeT MEeCTO PABEHCTBO s = Aaj + pag Jisd
KaKUX-JIN00 HEOTPUIIATETLHBIX TUCET \ U 4. 3AMETHM, ITO U3 TPEX MOMapPHO
Pa3/IMUHbBIX JIydeil ¢ 001eil BepIIuHOil He 00si3aTe/IbHO OJUH JIEXKUT MEXK 1Y
JIBYMST JIDYTUMHE (TIPUBEJIUTE TIPUMED ).
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IIycts a,b — jiBa HEHyJIEBBIX BEKTOPa €BKJIMIOBA JUHEHHOI'O IPOCTPAH-
crBa. O6oznauum depes Za, b (neopuenmuposannoii) yzon mescdy sexmopa-
MU & 1 b Kak 9rCiIo arccos ﬁﬁol' Eciiu my, mo — JiBa Jiyda ¢ HallpaBJIAOIIMU
BEKTOPAMU a1, &z, TO HEOPUEHMUPOBAHHLM Y2AOM MENHCAY AYUAMU M1 U Mo
cauTaeM yroa Zmq, ms := Zaq, as. ZlcHO, UTO 9Ta BEJIUUNHA HE 3aBUCUT OT

BBIOOpA, HAIIPABJISIONIUX BEKTOPOB.

Puc. 8: Vros mexay Jjiygamu

IIpennoxkenue 29. Ecau ayyw mo saescum mesncdy Ay4amu My 4 ms, mo
6ce MpPu AYUa AedHcam 6 00HOT NAOCKOCTIU, U UMEEM MECMO PABEHCMEO:

Zmy, m3 = Zmq, Mo + Lms, m3. (22)

Joxasamenvcmeo. Moxuo cunrarh, uto |ai| = |ag| = 1 (cm. puc. §). O60-
3HAYMM 2z = aj - 3. DTa BeJUUYMHA B CUIY €JIMHUYHOCTH BEKTOPOB aj, a3
cosnajier ¢ cos(£my, mg). [lycrb ag = Aaj + pag juis vHekoropbix A, p > 0.

Torua
cos( Ly, my) aj(Aa; + pag) _ A+ pz
b |Aa; + pas| VA2 + 12 4 20z
az(A\aj + pag) Az +

a = -
cos(£Lmy, m3) |\a; + pas] \/)\2 + 2+ 2 \uz

Pagencrso (22) 9KBUBAJIEHTHO CJIE/yIOIIEMY:
cos(Zmy, mg) = cos(£Lmy, ms) cos(Lma, m3) — sin(ZLmq, ms) sin(ZLms, m3)
a OHO, B CBOIO OU€pejib IKBUBAJIEHTHO PABEHCTBY

2N 4+ 20p2) = (N + p2)( Az + p)—
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—VO2 124 202 — (A + p2)2) (A2 4 p2 + 200z — Az + p)?)

Bripaskenne 107, KBaJpaTHBIM KopHeM ynpomaercs Tak: (u? — p?2%)(\* —
A\222). Torja, nepenocst TOT KBaAPATHLI{ KOPEHb B JICBYIO YACTDh, BCE OCTAJb-
HOE B IPaBYIO 9aCTh ¥ BO3BOJS B KBaJIPAT, MOJIYIaeM

(1* = p?2) (N = A%2%) = (A — Apz?)

Ecau A = 0 muim o = 0, 10 910 paBencTBo oueBuHo. MHade, cokparmast ero Ha
A2, cBopmM TaksKe K ouesmaHOMY pasencTsy: (1—22)(1—22) = (1—22)2 O

Y10 MeXKly KOJIMHEAPHBIMU MOIPOCTPAHCTBAMHU ONPEIEJICHII0 PABEH
HYJII0. YTOJI MeXK/ly He KOJJIMHeapHBIME HoupocTpancrsaMu Hy, Hy eBkin-
JIOBa JINHEHHOTO TTPOCTPAHCTBA ONPEJIETUM KaK HauMeHbINnii n3 yrios Za, b,
e a mpoberaeT noampocTpanctso Hi N (Hy N Hy)t, a b mpoberaer moampo-
crpanctso Ho N (Hy N Hy)*. Ero snauenns npunajieskar orpesky [0, 7/2].
Yeon meotcdy apdunnvimu nodnpocmparncmeamu Py + Hy u Po+ Hy 110 omipe-
JICJICHUIO PABEH yIJIy MEXK/y aCCOIMMPOBAHHBIMU ¢ HUMMU JIMHEHHBIME 110/
npocrpanctBamu Hy u Hy (cm. puc. 9). B wactrOCTH, eciin 9TOT yros paBen
7/2, TO TaKue MOJNPOCTPAHCTBA HAZOBEM NEPNEHIUKYAADHOLMU.

HNH

Pwuc. 9: Yronm Mex) 1y moanmpocTpaHCTBAMI

Teopema 30. Yzon meorcdy npamot v nodnpocmpancmeom, He nepnenou-
KYAAPHOIM IMOT NPAMOT, Paser yeay Medncdy 3mot npamot u ee opmozo-
HaAbHOT npoekyuet na 3adanroe noINPOCMPAHCMEO.
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Jlokasamenvbcmeo. D10 yTBEPXKJIEHUE CBOJUTCA K JIMHEHHBIM €BKJINIOBbIM

npoctpancreaM. [lycrs Hy ogHOMEpHOE MO IITPOCTPAHCTBO, ITOPOXK ICHHOE €11~

HUYIHBIM BEKTOPOM a, a H — Kakoe-yinbo 1o/ iipocTpancTBo. PacemoTpum op-

TOroOHAJILHYTO TIpoekinio b € H Bekrtopa a na H. Beibepem 1nponsBoibHBI
BekTOp ¢ € H. Tornma

ba b(b+a—-b) bb

cos(ZLa,b) = — = =

b b b

Tak Kak a — b L b. Jlamee

= |b]

b —b b
cos(la,c)zﬁzc( +a—b) _ ¢
cl c] c]

1o Toi ke npuuune. Ho |b| > %, b0 3TO IKBUBAJIECHTHO HEPABEHCTBY

Komm-Bynsikosckoro |b| |c] > cb. Cuenosareinro, cos(Za,b) > cos(ZLa, c)

uZa,b < Za,c. [
CaencrBue. Yeon meocdy npamoti £ Koaruneapnot 6exmopy
v(v1, U2, ..., U,) u 2unepnaockocmuvio T 2y i Aixi + B = 0 nazodumea us
COOMMOUEHUA
>_im1 Al
i=1 “1ilq

Z(¢,T) = arcsin = =
\/Zz‘:1 vi i A

Sagaun.

1. Jokazarb, 4T0 Cjejyiolue yCejJaoBus Jijist Jiydei m; ¢ o0IKUM Hava oM
HAIIPABJISIIONMAMY BeKTOpaMmu &; (i = 1,2, 3) SKBUBAJICHTHBI:

JI1 mnsa mobwix aByx Touek P € mq, () € mg orpe3ok P() mepecekaer meo;

JI2 maitayrces gse roukn P € my u () € mg, OTJIMIHBIE OT BX ODIIEro HavaJIa,
1 Takue, 4To oTpe3ok P() mepecekaeT ms;

JI3 Jiyd meo JieuT MEXJy JiydaMud mi U 3.

2. okaszark, uro pasencrso |PR| = |PQ| + |QR| umeer mecro Toria u
TOJILKO TOIJIa, KOrja To4dka () nmpuHa iekut orpesky PR. Anajgorudto pa-
BEHCTBO /My, Mg = Zmy, My + LMo, M3 JJIsl TPEX JIyueil ¢ o0IUM HaUAJIOM
IMEEeT MECTO TOTJa M TOJBKO TOIJia, KOTJA JIYT Mo JIEXKAT MEXK]y JIyIaMu
myp ums.
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3. Haitru yruibt mexxjy rpatsimu 4-mepHoro cumitiekca © +y+ 2+t < 1,
x,y, z,t >0 (cm. puc. [10).

(0,0,1,0)

0,0,0,1)

(0,000,0) s

(1,0,0,0)

Puc. 10: Yersipexmepnsbriit "equananpiii’ cummiekc.

9.1 OpueHTUPOBAHHBIE YTJIBI

IIycts L — eBKJIMJIOBO JABYMEpHOE JIMHEHHOEe MPOCTPAHCTBO ¢ (DUKCUPOBAH-
HbIM Oasncom. Pukcanust Oasuca o3HaYaET BLIOOP OJHON U3 JBYX BO3MOXK-
HbIX OPHMEHTAIMU IJI0CKOCTH. [ljisi JiFoDOi yIIOpsiIOU€HHON T1aphl BEKTOPOB
ap az
by b

COCTaBJIEHHOM 13 KoOpuHaT BekTopoB a u b. Ckaxem, uro napa (a,b) opu-

(a(ay,as), b(by, by)) obosnaunm uepes A = OTPEJICJTUTEIb MATPHIIBL,

EHTUPOBAHA IOJIOKUTEJILHO, ecau A > 0 U OpUeHTHPOBAHA OTPULATEILHO,
ecn A < 0. Ecoin s)ke A = 0, To BekTOpa a, b koyurHeaphsl, u napa (a, b)
OpPHEHTAIMK HE MMEeT.

Onpenenenue 31. Opuenmuposannovim Yeaom Mencdy Henyre6uiM GEKmMo-
POM & U HEHYACBLLM BEKMOPOM D Ha30BEM BEJIUUUHY

(a/T)) _ ) (Za,b) +27Z, ecan A > 0;
7 —(Za,b) +27Z, eciu A <0

Kaxk BuiHO U3 onpejiesieHuns, OpHEeHTUPOBAHHDIN yTIOJI — 9JIEMEHT aJ[JINTHB-
HOM rpymibl R /277, reoMeTpruaecKn peicTaBIsIoNLy o 13 ¢ebst OKPYKHOCTb.
OTMeTrM HEKOTOpbIE CBOICTBA OPUEHTUPOBAHHOI'O YIJIa

—

A.  (ba)=—(ab).
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Joxasamesvemeo. Ecim A(a,b) > 0, ro A(b,a) < 0. CiuiejtoBaresibHo,

b,a=—/b,a+277Z = —(Za,b+ 27Z) = —a,b.

Anasiornuno pasbupaercs ciayuait A(a,b) < 0. Ecoim A(a,b) = 0, ro yub6o
1) b = Aa, 1u6o 2) b = —Aa, rje A > 0. B nmepsom ciryuae

b,a= /b,a+ 277 =2nZ = —(Za,b + 21Z) = —a, b.

Bo BTopom ciyuae,

——

t/),\atzéb,a+27rZ:7r+27rZ: —7m + 21Z = —(Za,b + 27Z) = —a, b,

[]

—_—

B. a(-b)=(-a),b=ab+.

Jlokazamenvcmeo. Ilycts ¢ = Za, b. Torna

—a-b
=T — Q.
al b i

Za, (—b) = arccos

Ecmu A(a,b) > 0, o Bo-iepBbix A(a, —b) < 0, a BO-BTOPBIX
a,(—b)=—Za,(=b) +o7Z = —(7m — p) + 277 =

:—7T—|—90—|-27TZ:7T—|—(QD—|—27TZ):7T+3./,T)
Ecnu xe d(a,b) < 0, ro A(a,—b) >0 u

—

a,(—b)=Za,(~b) 42 7Z = (n— @)+ 27Z =7 — (p+27Z) =7 +a,b

Ocrasiock pacemorpersb JBa ciaydast: 1) b = dAau 2) b = —Aa, ruge A > 0.
B nepsom ciydae a,b = 27Z u a,—b = m + 27Z = 7 + a, b. Bo BTopom

—_—

Cﬂy‘{ae,E;,T):7T+27TZI/I3,(—b):27TZ:7T+(7T+27TZ):7T+E;TD.

Bropoe paBencTBo cBoiicTBa b ciieyer ns nepBoro ¢ npuMeHeHrueM CBO¥-
crBa A:

(a),b=—a,(—a)= —(r+b,a)= —7+a,b=n+a,b.
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Teopema 32. /[ 410001 mpex HEHYAEBVLT GEKTMOPOS HA NAOCKOCTIU UMEE,

MECINO PAGEHCIME0 - -
(&%) = (a,b) + (b,c).

oxasamenrvcmeo. Tpu BeKTOpa Ha IJIOCKOCTU JUHEHHO 3aBUCUMBI. PaccMoT-
PUM BC€ BO3MOXKHDIE CJIydan JIMHEHHOU 3aBUCUMOCTH.

Caywati 1 (ocnosnoti). b = a + uc, rae A\, pu >0

Torma b mexXuT MeXJy BEKTOPAMH & U C M COIJIACHO IpeJyIoXKeHuio 29
nMeeT MecTo paBeHCTBO Za,c = Za, b+ /b, c. PaccmoTpum JiBa mojiciiydas

a) A(a,c) >0

Torna A(a,b) > 0 u A(b,c) > 0. JeiicrBurennbho,

ap az ai a2 a; ap
_ _— > ()
by by Aaq + pcy Aag + pico c1 Gy
CuieioBaresibHO,

ac = Za,c+2rZ = Za,b+/b,c+2rZ = (La,b+21Z)+(Lb,c+2rZ) = a, b+b, c.
0) A(a,c) <0

Torna A(a,b) <0 u A(b,c) < 0. CregosaresbHo,

—

a,c=—/a,c+ 21l =
— (—Za,b + 27Z) + (—/b,c + 27Z) = a,b + b, c.

Bamerum, uro eciu A(a,b) =0, ro u = 0, A > 0, u pasencrso —Za,b +
217 = a,b Bce pasno umeer Mecro. Anajoruuno, eciu A(b,c) = 0, To

—

paserctso —Zb, ¢ + 2n7Z = b, ¢ coxpansercs.

Cayuati 2. b = a — uc, riae A\, u > 0.
Eciu A =0,r0b = —uc, b,c = 1+27Z u a,b = a, (—c). Yreepxjeunue
TOIJIa BLITEKAEeT u3 cBoiicTa B. Mnaue, a = %b—i—%c ¥ MBI BIIpaBe MPUMEHUTD

—_—

cayqaii 1: b,c = b,a + a, c. Ilepenoca b, a B jieByI0 9acTh 1 MeHdAs 3HAK
OJIHOBPEMEHHO € U3MEHEHUEM 10PsiJIKa BEKTOPOB (cBOiicTBO A), MosydaeM:



41O U TpedyeTcs J0Ka3aTh.
Cayuatii 3. a = —Aa+ pc, rae A, 1 > 0 anajoruden ciaydaio 2.
Cayuati 4. a = —Aa — uc, rae A, 1 > 0.

Torma BekTop —a = Ab + pc nexxut Mexy Bekropamu b u c. Ilpumenss
OCHOBHOI1 ciy4dait 1, nomyyaem:

—— e~ e~~~
—

a,c=a,—-b+(-b),c=nm+ab+7+bc=ab+b,c

6o ™+ =0 ( mod 2m). O

10 TpeyrojibHUKU

U3 ompesiesiennst MHOTOYTOJIbHUKA BBITEKAET, 4TO Tpeyroibauk AABC B ad-
(bUHHOM TIPOCTPAHCTBE 9TO MHOXKECTBO u3 Tpex touek {A, B,C}. Dru rou-
KW Ha3bIBAIOTCSA Gepuiunamu mpeyzosvruka, a orpeskn [AB], [BC], [AC]
(B ciIydae KOTJa OCHOBHOE T0JI€ — MOJie JeHCTBUTEIbHBIX YUCEJT) HA3BIBAIOT-
cst cmoponamu, mpeyeosvhura AABC. TpeyrosbHuk 6wpoostcden, eciu ero
BEPILUHBI JIEXKAT Ha OJIHO 1IPSAMO¥i; B IPOTUBHOM CJIydae TPEyroJbHUK HEBbI-
POXKJIEH Wi cOOCTBeHHbBI. HamoMHuM, 4To JBa TpeyroJbHUKa KOHIDYIHTHBI
W PABHBI, €CJIA CYIECTBYET JIBUXKEHUE €BKJINIOBA [POCTPAHCTBA, TTEPEBO-
JISIIIEE BEPIIUHBL OJIHOIO TPEYIOJIbHUKA B BEPIIUHBI BTOPOIO TPEYrOJIbHUKA.
OueBuIHO, UTO TOTJIA ITO YK€ JBUKEHUE MEPEBOJUT CTOPOHBI MEPBOTO Tpe-
YTOJIbHUKA, B CTOPOHBI BTOPOTO TPEYTOJHHUKA.

B caydae, Korja BepIIMHbBI TOMAPHO Pa3JIUYHbI, ONPEJEJIUM YIJIbl TPe-
YIrOJbHUKA:

/A=/BAC, /B=/ABC, /C=/ACB
Teopema 33. Cymma yero06 6 mpeyzosvhuke pasHa .

Joxazamenvcmeo. Caywati 1. Oaun U3 yrios, ckaxkeM, yroy ZB paBen 7.

— — —
_>T0r;&> BA = —ABC pus nekoroporo nojoxureabnoro A. Orciona AC =
AB + BC = (1 + M\)AB u nosromy ZA = 0. Ananornuno, ZC = 0. Tosy-
qaem: LA+ 4B+ ZC =0+ 7+ 0 =7, 910 1 TpebOBAJIOCH YCTAHOBUTD.
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Cayuati 2. Hu opun u3 yriioB TpeyrojbHUKa HE PABEH T.

— — —
Oboznaunm a = AB, b = BC, ¢ = C'A. Torna, npumensisi cBoiictBo b n3
§9.1, mosyvaem:
/A4 /B+ /C+ 217 = (a,—¢) + (c,—b) + (b, —a) =
— 1+ (@) +7+(c,b)+7+(b,a) =37+ (a,a) = 7 + 21Z

1o 3nauur, uro LA+ /B + ZC = 7 4 27k Juist HEKOTOPOIro 1EJ0r0
k. YuuTniBasi, 4TO 3HAUEHUs YIJIOB TPEYTOJLHUKA JIEXKAT B HOJYHHTEPBAJIE
[0, 7), nosyuaem pasencrso ZA+ /B + ZC = . O

Teopema 34 (kocutycoB). [Tycmv 6 mpeyzorvrure AABC' sepuiunv, no-
napro pasauyuno.. Tozda

|BC|? = |AB|* + |AC|* — 2|AB||AC| cos Z A.

,ZZO%’CLSCLm&/L’bCTIZGO. ,ZLOKaBaTeJIbCTBO BbIT€KaeT N3 COOTHOIIICHUA

2 BA2_AA L TR aA . -
IBC]2 = BC? = (AC — AB)? = AC? — 2AC - AB + AB? —
= |AC|* + |AB|* — 2|AB||AC| cos ZA.
]

TpeyroyibHIK HA3BIBACTCS NPAMOY2OALHOLM, €CIIH OJUH U3 €ro yIJIOB pa-
BeH /2.

Caencteue (Teopema IMudaropa) ycmv /A = m/2. Tozda |BC|* =
|AB|? + |AC*.

Teopema 35 (Ipu3HAKU PABEHCTBA TPEYTOJbHUKOB). Hesvipooicden-
noe mpeyzoavnury AABC u AA'B'C' pasnuv 6 xascdom us caedyrouus
CAYUaES:

o |AB| = |A'B|, |AC| = |A'C"|, LA = LA,
e |[AB| = [A'B|, |BC| = |B'C'|, |AC| = |A'C'|;
o |AB|=|A'B/|, ZA= /A, /B = /B
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Hoxazamenvcmeo. Oboznadum depe3 T (7') MI0CKOCTD, MPOXOJISIIYIO Yepes

touku A, B,C (A’, B, C"). Boibepem B MJIOCKOCTH T OPTOHOPMHUPOBAHHbIIL
peiep A, f1,fy Tak, yro A — naugasno xoopjunar, fi ecrb opr BekTOpa A—B>,
a Touka A + f5 jgexur mo Ty ke cropony ot npsiMoit AB, uro u Touka C'.
Buibepem ananornunniii penep A’ f], £, B mnockocrn 7. Obosnaunm uepes
Kk : T — 7' usomerpuio, Takyio, uro k(A) = A, Di(f;) = £ (i = 1,2).
[TpojloKUM K JI0 JIBUZKEHUsT BCErO MPOCTPAHCTRA (€ Pa3MepPHOCTh PO~
cTpaHcTBa OOJIBIIE WM PaBHA 3, TO IPOJOJIKEHHE MOXKHO BBIODAThL CPEu
cobcrBennbix jBmkennii). Tak kak AB = |AB|f; u |AB| = |A’'B’| Bo Bcex
Tpex caydasx, 10 k(B) = B’. Torja jokasaTebecrBO T€OPEMbI CBOJUTC K
cayyalto, korma see roukn A, B, C, A", B', C' nexar B 0J{HOIl TIIOCKOCTH, TIPU-

yemMm A = A', B =B urouku C u C’ jnexxar 10 ojHy CTOPOHY OT IIPSIMOii
AB.

JokasbiBaem Ternephb nepsblit npnsnak. 13 pasencrsa yrinos ZA = LA’
u npejaoxkennst 29 caepyer, 9To Jiydw € BepIIMHON B TOuke A, MOpOXK-
— —_
naempie Bekropamu AC u AC’, cosmaparor. Tem caMbIM MMeeT MeCTO pa-
— —

senctBo AC = MAC! ¢ nonoxunrensubim koaddunumenrom A. Ho Tax kax

|AC| = |AC"|, To A =1u C=C".

,ZLOKaBbIBaeM BTOpOIt mpu3Hak. CHOBa MMeeM COBIaJeHUe JIyueil U PaBeH-

CTBO AC = )\AC’ € TOJOKHTEILHBIM koaddunuentTom . Ho, anajoruano,
—

MMeeM PaBEeHCTBO BC = uBC’" ¢ nonoxurensubim Koaddunmentom fi. Bol-
YUTAEM U3 TIEPBOI0 PABEHCTBA, BTOPOE:

_— —
AC'— BC' = AB = AC — BC = MAC' — uBC'’

—_—  —
B cnny neswipoxennoctu tpeyroabnnka AABC! sekropa AC' n BC! nu-
HEIHHO HE3aBUCHMBI M [OTOMY M3 HOCJIEAHEr0 PABEHCTBA CJICIYET, 9YTO A =
(= 1. 9ro naer cosnagenne C' = C’.

HokaspiBaeMm Tperuii npusHak. I3 ycioBust u T€OpeMbl KOCUHYCOB BBITE-
kaer, uto cos ZCAB = (|JAC|)? + |AB|* — |BC|?)/2|AC| |AB| B Tpeyroib-
nuke AABC cosnajnaer ¢ kocunycoM storo yria ZC'A’B’ B rpeyroabauke
AA'B'C'. Torna u yrawl copnagator: ZCAB = ZC'A'B’. Ocraerca npnme-

HUTH TEPBbIi TPU3HAK. ]

Sagaun.
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1. JTokazarb ocraBiiuecs jiBa IIPU3HAKA.

2. ObbeMoM MPsAMOYTOJILHOTO TapaJuiesnenumena B K", 3agaHHOro Hepa-
BeHcTBaMM @; < x; < b; wasmBaerca npomssenenve |[1_;(b; — a;). Yun-
TBIBAsA, 4TO 0OLEM €CTh &J/IMTUBHAs BeJMYMHA, HAWTH 00beM CTaH apTHOIO
CHMILIEKCA, 33]aHHOr0 HepasencTamu x; > 0m Y - x; < 1. (OTser: %)

3. Haiitu obbem n-mepnoro mapa y . 27 < R* u miomans (n — 1)-
MepHoit cdepnl Y i x7 = R? pajnyca R.

4. JlokazaTh, 9TO B TPEyrOJbHUKE BBICOTHI (OUCCEKTPUCCHI, CPEIMHHBIE
IEPIICH/IUKYJISIPBI) TIEPECEKAOTCA B OJIHOM TOUKE.

5. 3ajiaTh N-MepHbBI MPABUJILHDBIN TOJTUIIP (TeJIO ¢ n + 1 Bepmunoii, y
KOTOPOTO BCE MOMAPHBIE PACCTOSTHUST MEXKJIy BEPIIHHAME COBIAJIAOT). Bbi-
YUCJTUTD €TI0 XapaKTePUCTUKU — YUCTO k-MEpHBIX I'paHeil, 00beM MOJuIpa,
n ""mronia b " oIHOM TOBEpXHOCTH.
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